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Introduction 

The purpose of this paper is the construction and the analysis of the interior 
motive of Kuga-Sato families over Hilbert-Blumenthal varieties. This will 
be done by applying the program from [W4] to this geometrical setting. 

More precisely, recall that for a smooth variety X over a perfect field k, 
the boundary motive dMgm{X) of X JW2\ fits into a canonical exact triangle 

(*) dMgUX) — > MgUX) M;„(X) dMgUXm 

in the category DMg^{k) of effective geometrical motives. This triangle 
establishes the relation of the boundary motive to Mgm{X) and M^^(X), 
the motive of X and its motive with compact support, respectively |VSF] . 
In order to make the construction from |W4j work, we need an idempotent 
endomorphism e of the exact triangle (*), giving rise to a direct factor 

and assumed to satisfy the following hypothesis: the object dMgm{XY is 
without weights —1 and with respect to the motivic weight structure from 
|Boj . Under this hypothesis (which holds rarely for the whole of dMgm{X)), 
the object dMgm{XY admits a canonical weight filtration 

c^_^ ^ dMgrn{xy c>i c<_2[i] , 
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and a Chow motive Gro Mgm{XY can be constructed, sitting in canonical 
exact triangles 

C<_2 MgmiXy — Qi,Mg^{XY ^ C<_2[1] 

and 

C>i ^ GroM3^(X)^ M;^(X)^ C>i[l] . 

Given the nature of its realizations, it is natural to call Giq Mgm{XY the 
e-part of the interior motive of X. Its main properties are established in 
jWil Sect. 4]. 

The rough organization of this article corresponds to this program. Sec- 
tions [T] and [2] show how the theory of relative Chow motives can be employed 
to construct idempotents of the exact triangle (*). Sections [3H6] aim at a 
criterion (Theorem 16.21) allowing to verify the above hypothesis on the ab- 
sence of weights —1 and 0, when the boundary motive is Artin-Tate. We 
hope to apply both ingredients in geometrical contexts other than Hilbert- 
Blumenthal varieties, which explains why we chose to formulate the results 
from Sections [THH] in a rather general way. 

Section [7] contains the statements of our main results. Theorems 17.51 and 
17. 6[ The base k is the field Q of rational numbers, and X is the r-th power 
of the universal Abelian scheme over a smooth Hilbert-Blumenthal variety 
S associated to a totally real number field L of degree g. The idempotent 
e cuts out the direct factor of the relative Chow motive of X, on which 
the action of L is of type (ri, . . . , r^,), for ri -|- . . . -|- = r. Theorem 17.51 
implies in particular that in this context, the criterion from Theorem 16.21 
is satisfied as soon as r > 1. Therefore, the interior motive Giq Mgm{XY 
exists in this geometrical setting. We list its principal properties, using the 
main results from |W4l Sect. 4]. First (Corollary 17. 7p . we get precise state- 
ments on the weights occurring in the motive Mgm{XY and the motive with 
compact support Mg^{XY- Second (Corollary I7.8p . the interior motive is 
Hecke-equivariant. This result appears particularly interesting, given that 
for Shimura varieties of higher dimension, Hecke-equivariant smooth com- 
pactifications are not known (and maybe not reasonable to expect) to exist. 
In this context, let us mention the main result of |GHMlj . which implies the 
existence of relative Chow-Kiinneth projectors ITg, whose (relative) Betti 
realizations are isomorphic to the intersection complex with coefficients in 
the i-th higher direct image of the constant sheaf Qx on the Baily-Borel 
compactification of S. Note that the objects of [loc. cit.] are defined over C, 
and that their behaviour under the Hecke algebra is not a priori clear. For 
i = r > 1, the image of 11^ should be expected to contain an object iso- 
morphic to the base change of the interior motive Gtq Mgm{XY to C Third 
(Corollary 17. 9p . the interior motive occurs canonically as a direct factor of 
the (Chow) motive of any smooth compactification of X. We then discuss 
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the special cases g = 1 and g = 2. For g = 2, the control of the weights from 
Corollary 17.71 turns out to be sufficiently precise to allow for a strenghtening 
of the main result of [Kij (Corollaries 17.131 and 17.1^ : the special elements 
in the motivic cohomology of X constructed in [loc. cit.] come indeed from 
motivic cohomology of a (in fact, of any) smooth compactification of X. The 
proofs of Theorems 17.51 and 17.61 are given in the final Section [HI 

Let us now give a more detailed description of the content of this paper. 
Section [1] is concerned with the functorial behavior of the exact triangle 

(*) dMg^iX) MgUX) ^ M'^^iX) dMgm{X)[l] . 

Recall that the algebra of finite correspondences c{X,X) acts on Mgm{X) 
|Vlj . In order to apply the results from |W4] . we need an idempotent endo- 
morphism of the whole of (*). Indeed, the approach chosen in [loc. cit.] was 
to define a sub-algebra ci^2{X, X) of c(X, X) (of "bi-finite correspondences"), 
and to show that it acts on (*). Two problems occur naturally: first, one 
needs a source for cycles in ci^2{X, X); second, one needs a criterion to ensure 
that the action on (*) of a given such cycle is idempotent. Given the appli- 
cation we have in mind, we are thus led to a close analysis of the behavior of 
the exact triangle (*) under morphisms of relative Chow motives. Fix a base 
scheme S, which is smooth over k. Theorem 11.21 establishes the existence of 
a functor from the category of relative Chow motives over S to the category 
of exact triangles in DM^J^^k). On objects, it is given by mapping a proper, 
smooth S'-scheme X to tlie exact triangle 

dMgUX) — MgUX) Ml^{X) ^ dMg^{X)[l\ . 

We should mention that as far as the Mgm(X)-component is concerned, the 
functoriality statement from Theorem 11.21 is just a special feature of results 
by Deglise, Cisinski-Deglise |De2l [CDe] and Levine |Le3j . at least after re- 
striction to the sub-category generated by smooth projective schemes over 
S (see Remarks 11.31 and 11.131 for details). However, the application of the 
results from [loc. cit.] to the functor dMg^ is not obvious. This is one of 
the reasons why we chose to follow an alternative approach. It is based on a 
relative version of moving cycles \W2\ Thm. 6.14]. This also explains why we 
are forced to suppose the base field k to admit a strict version of resolution 
of singularities. Theorem 11.51 and Corollary 11.151 then analyze the behaviour 
of the functor from Theorem 1 1 . 2 1 under change of the base S. Another reason 
for us to choose a cycle theoretic approach was that it becomes then easier to 
keep track of the correspondences on X x^X commuting with our construc- 
tions. Our main application (Example I1.16P thus concerns correspondences 
"of Hecke type" yielding endomorphisms of the exact triangle (*). 

In Section [2], we apply these principles to Abelian schemes. More pre- 
cisely, the main result of [DeMj on the Chow-Kiinneth decomposition of 
the relative motive of an Abelian scheme A over S (recalled in Theorem 12. ip 
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yields canonical projectors in the relative Chow group. They are easily shown 
to be represented by correspondences in ci 2(^,^4) (Proposition 12.41) . Given 
our analysis from Section [T], it follows that they act idempotently on the 
exact triangle 

dMg^{A) MgUA) — ^ M;„(A) — ^ dMgUA)[l] . 

In Sections [HHSl we exhibit the basic structural properties of the triangu- 
lated category of Artin-Tate motives over a perfect base field k. The defini- 
tion of this category will be recalled, and a number of variants will be defined 
in Section [3l Roughly speaking, the properties we shall be interested in, then 
fall into two classes. First (Section HI), we apply the main results of |Boj to 
Artin-Tate motives. More precisely, we show (Theorem 14.51 (a)) that the 
weight structure on the category of geometrical motives of [loc. cit.] induces 
a weight structure on the triangulated category of Artin-Tate motives. We 
give a very explicit description of the heart of the latter (Theorem 14.51 (b), 
(c)), showing in particular that it is Abelian semi-simple. We also give a 
description of objects with two adjacent weights (Corollary 14. 9p . which will 
turn out to be useful for our analysis of the motivic cohomology of Hilbert- 
Blumenthal surfaces. Let us note that the results of Section H] are valid over 
any perfect base field. 

Second (Section E]), we generalize the main result from |Lelj from Tate 
motives to Artin-Tate motives, when the base field is algebraic over Q. More 
precisely, we show (Theorem 15.11) that under this hypothesis, there is a non- 
degenerate t-structure on the triangulated category of Artin-Tate motives. 
The strategy of proof is identical to the one used by Levine. Our main inter- 
est lies then in the simultaneous application of both points of view: that of 
weight structures and that of t-structures. Still assuming that k is algebraic 
over Q, we give a characterization (Theorem 15.81) of the weight structure on 
the triangulated category of Artin-Tate motives in terms of the t-structure. 
Specializing further to the case of number fields, we get a powerful result 
(Corollary 15. 101) . allowing to identify the weight structure via the Hodge the- 
oretic or £-adic realization. 

This result is then used in Section[6]to deduce the already mentioned crite- 
rion on the absence of certain weights in the boundary motive (Theorem l6.2l) . 
Its simplified form states that when the boundary motive is Artin-Tate, then 
the absence of weights can be read off from the Hodge structure or the Galois 
action on the boundary cohomology (Corollary 16. 4p . It is this criterion that 
we shall verify for Hilbert-Blumenthal varieties. 

Section [7] contains the statements of our main results, which have already 
been listed above. In the case of "non-parallel type", i.e., the integers 
used to construct the idempotent e are not all equal to each other. Theo- 
rem 17.61 states that the e-part of the boundary motive vanishes. In particu- 
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lar, the interior motive then coincides with the e-part of the motive of the 
(open) Kuga-Sato variety. This can be seen as a motivic explanation of jFt| 
Rem. 1.4.8]: "If / is a modular form, but not a cusp form, then ri = . . . = r^." 

The final Section [8] is devoted to the verification of the criterion from 
Corollary 16.41 in the setting of Hilbert-Blumenthal varieties. First, we need 
to show that in this case, the boundary motive is indeed Artin-Tate (The- 
orem [H2])- This is done using a smooth toroidal compactification. We use 
co-localization for the boundary motive |W2j . in order to reduce to showing 
the statement for the contribution of any of the strata. The latter was identi- 
fied in the general context of mixed Shimura varieties [W3]. For Kuga-Sato 
families over Hilbert-Blumenthal varieties, [loc. cit.] shows in particular that 
these contributions are indeed all Artin-Tate. We are thus reduced to the 
identification of the boundary cohomology. The resulting formula is most 
certainly known to the experts (see e.g. |BrLl IHal IBlt j). In the presence 
of a "non-parallel type", it actually implies the vanishing of the boundary 
cohomology. In the remaining case, we employ the main result from [BuW] . 
to identify the weights in the boundary cohomology, thereby completing the 
verification of the criterion from Corollary 16. 4[ 

We should warn the reader that our constructions work a priori with 
Q-coefficients. This seems to be necessary for at least the following reasons. 
First, the triangulated category of Artin motives is not known to admit a t- 
structure; by contrast, such a structure becomes obvious after tensoring with 
Q (see Section E]). Second, as pointed out in [Lelj . the existence of the t- 
structure on the triangulated category of Tate motives necessitates (and is in 
fact equivalent to) the validity of the Beilinson-Soule vanishing conjecture; 
but this vanishing is only known (for algebraic base fields) after tensoring 
with Q . Another problem, possibly related to the preceding two is that the 
realizations on the category of Artin-Tate motives are not known to be con- 
servative before passage to Q-coefficients. Next, the motivic decomposition 
of Abelian schemes of relative dimension greater than one (see Section [2]) 
necessitates the inversion of at least one prime, and is only known to be 
canonical after ® Q • Finally, our computations of the boundary cohomology 
of Hilbert-Blumenthal varieties (see Section [8]) are valid only after tensoring 
with Q . In fact, unless one deals with modular curves, very little seems to be 
known about the primes dividing the torsion of boundary cohomology with 
integer coefficents (see |Ght Sect. 3.4]). 

Part of this work was done while I was enjoying a modulation de service 
pour les porteurs de pro jets de recherche, granted by the Universite Paris 13, 
and during a stay at the Universitdt Ziirich. I am grateful to both institu- 
tions. I also wish to thank J. Ayoub, D. Blasius, F. Deglise, M. Dimitrov, 
P. J0rgensen, B. Kahn, F. Lecomte, M. Levine, V. Maillot, R. Pink and 
J. Tilouine for useful discussions and comments. 
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Notation and conventions: Throughout the article, k denotes a fixed 
perfect base field. We denote by Sch/k the category of separated schemes 
of finite type over k, and by Sm/k C Sch/k the full sub-category of objects 
which are smooth over k. When we assume k to admit resolution of singu- 
larities, then it will be in the sense of [FlVi Def. 3.4]: (i) for any X G Sch/k, 



there exists an abstract blow-up Y ^ X |F1VI Def. 3.1] whose source Y is 



in Sm/k, (ii) for any X,Y E Sm/k, and any abstract blow-up q : Y ^ X, 
there exists a sequence of blow-ups p : X„ Xi = X with smooth 

centers, such that p factors through q. We say that k admits strict resolution 
of singularities, if in (i), for any given dense open subset U of the smooth 
locus of X, the blow-up q : Y —>■ X can be chosen to be an isomorphism 
above U, and such that arbitrary intersections of the irreducible components 
of the complement Z of U in Y are smooth (e.g., Z G Y a normal crossing 
divisor with smooth irreducible components). 

As far as motives are concerned, the notation of this paper is that of 
|W2l IWHl IWH, which in turn follows that of [Vl]. We refer to [W2l Sect. 1] 
for a concise review of this notation, and of the definition of the triangu- 
lated categories DMg^{k) and DMgm{k) of (effective) geometrical motives 
over k. Let F be a commutative Q-algebra. The notation DMg^{k)p and 
DMgm{k)p stands for the F-linear analogues of these triangulated categories 
defined in \Am Sect. 16.2.4 and Sect. 17.1.3]. Similarly, let us denote by 
CHM^^^ {k) and CHM{k) the categories opposite to the categories of (ef- 
fective) Chow motives, and by CHM'^^f{k)p and CHM{k)p the pseudo- 
Abelian completion of the category C H f {k) ®iF and CHM{k)®iF, 
respectively. Using [V2l Cor. 2] ( |Vll Cor. 4.2.6] if k admits resolution of 
singularities), we canonically identify CHM^^^ {k)p and CHM{k)p with a 
full additive sub-category of DMgllik) ^ and DMgmik) p , respectively. 



1 Relative motives and functoriality of the 
boundary motive 

In this and the next section, the base field k is assumed to admit strict 
resolution of singularities. Recall that for X G Sch/k, the boundary motive 
dMgfn{X) of X |W2l Def. 2.1] fits into a canonical exact triangle 

(*) dMgUX) — ^ MgUX) Ml^{X) — . dMg^{X)[l] 

in DMgllik). If we assume X to be smooth, then the algebra of finite cor- 
respondences c{X,X) acts on Mgm{X) |Vll p. 190]. In order to apply the 
results from |W4j , we need an idempotent endomorphism of the whole exact 
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triangle (*). One of the aims of this section is to show that the theory of 
relative motives provides a source of such idempotents. This result is a spe- 
cial feature of an analysis of the functorial behavior of the exact triangle (*) 
under morphisms of relative motives (Theorems 11.21 and II. 5[ Corollary 1 1.1 51) . 
The main application (Example I1.16P concerns endomorphisms of (*) "of 
Hecke type". 

Let us fix a base scheme 5* G Sm/k. Recall that by definition, objects of 
Sm/k are separated over k. Thus, for any two schemes X and Y over 5", the 
natural morphism 

is a closed immersion. Therefore, cycles on X x can and will be considered 
as cycles on X x^ F. Denote by Sm/S the category of separated smooth 
schemes of finite type over S, by PropSm/ S C Sm/S the full sub-category 
of objects which are proper and smooth over S, and by ProjSm/S C Sm/S 
the full sub-category of projective, smooth S'-schemes. 

Definition 1.1. Let X,Y & Sm/S. Denote by cs{X, Y) the subgroup of 
c(X, Y) of correspondences whose support is contained in X x^ F. 

The group cs{X, Y) is at the base of the theory of (effective) geometrical 
motives over S, as defined and developed (for arbitrary regular Noetherian 
bases S) in |DeltlDe2] . Note that any cycle 3 in cs{X, Y) gives rise to a mor- 
phism from Mgm(X) to Mgm(^), which we shall denote by Mgm{3)- Recall 
from |DeMi Sect. 1.3, 1.6] the definition of the categories of (effective) Chow 
motives over S; note that the approach of [loc. cit.] does not necessitate pas- 
sage to Q-coefficients, and that one may choose to perform the construction 
using schemes in PropSm/ S instead of just schemes in ProjSm/S. Denote 
by C H M^f ^ {S) and CHM[S) the respective opposites of these categories. 
Note that for X, F G PropSm/ S and 3 G cs{X,Y), the class of 3 in the 
Chow group CH*(X F) of cycles modulo rational equivalence lies in the 
right degree, and therefore defines a morphism from the relative Chow mo- 
tive h{X/S) of X to the relative Chow motive h{Y/S). Our aim is to prove 
the following. 

Theorem 1.2. (a) There is a canonical additive covariant functor, de- 
noted (dMgm, Mg„, M'gJ = {dMg^, Mgm, M'gjs, from CHM{S) to the cate- 
gory of exact triangles in DMgra{k). On objects, it is characterized by the 
following properties: 

(al) for X G PropSm/ S , the functor {dMgm, Mgm, Mg^^) maps h{X/S) to 
the triangle 

{*)x dMgUX) ^ MgUX) M;„(X) dMgm{X)[l] , 

(a2) the functor {dMgm, Mgm, Mg^) is compatible with Tate twists. 
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On morphisms, the functor {dMgm, Mgm, M^^) maps the class of a cycle 
3 € cs{X,Y) in CH*(X XgY), for X,Y & PropSm/ S , to a morphism 
(*)y whose Mg^- component Mgm{X) Mgm(Y) coincides with 

MgmO)- 

(b) There is a canonical additive contravariant functor {dMgm, Mg^, Mg^)* = 
{dMgm, Mgm, Mgj^Yg from CHM{S) to the category of exact triangles in 
DMgm{k). On objects, it is characterized by the following properties: 

(bl) for an object X G PropSm/ S which is of pure absolute dimension dx, 
the functor {dMgm, Mgjn, M^^)* maps h{X/S) to the triangle 

:= {*)x{-dx)[-2dx] , 

(b2) the functor {dMgm, Mgm, Mg^)* is anti- compatible with Tate twists. 

On morphisms, the functor {dMgm, Mgm, M^^)* maps the class of a cycle 
3 e cs{X,Y) in CH*(X X5 Y), for X,Y e PropSm/ S of pure absolute di- 
mensions dx and dy, respectively, to a morphism — » {*)*x whose M^^- 
component coincides with the dual of Mgm{^). 

(c) The functor {OMg^, Mg^, M^^)* is canonically identified with the com- 
position of {dMgm, Mgm, Mg^) and duality in DMgmik). 

Note that by jVH Thm. 4.3.7 3], the object M|„(X) is indeed dual to 
Mgm{X){-dx)[-2dx]. Note also [Vll Cor. 4.1.6] that the functor from The- 
orem ll.2l (a) maps the full sub-category C H M'^^ ^ {S) to the full sub-category 
I Vll Thm. 4.3.1] of exact triangles in DMgll{k). Note finally that by con- 
vention, the Tate twist (n) in CHM{S) corresponds to the (componentwise) 
operation M 1— M{n)[2n\ in DMgm{k). Thus, anti-compatibility of the 
functor {dMgm, Mgm, Mg^y with Tate twists means that for any object X 
of CHM{S), we have 

(aM,^,M,„,M;J*(XH) = ((9M,„,M,„,M;J*(X))(-n)[-2n] . 

Remark 1.3. As far as the Mg^- and M^^-components are concerned. 
Theorem 11.21 or at least its restriction to the full sub-category CHM{S)^^.^- 
of CHM{S) generated by the motiv es of projective smooth ^-schemes, is 
a consequence of the main results of |De2] . especially |De2l Thm. 5.2 3], to- 



gether with the existence of an adjoint pair {Las,^, a*^) of exact functors |CDel 
Ex. 4.12, Ex. 7.15] linking the category DMgm{S) of geometrical motives over 
S to DMgm{k) (here we let as : S ^ Specfc denote the structure morphism 
of S). We should also mention that this approach would allow to avoid the 
hypothesis on strict resolution of singularities. However, the application of 
the results of [loc. cit.] to the functor dMgm is not obvious. We are therefore 
forced to follow an alternative approach. 

Remark 1.4. The following sheaf-theoretical phenomenon explains why 
one should expect a statement like Theorem 11.21 Writing a = ax for the 
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structure morphism X Spec A;, for X G Sch/k, there is an exact triangle 
of exact functors 

— ^ a* — * a^/a\ — ^ a\[l] 

from the derived category D^{X) of complexes of etale sheaves on X (say), 
bounded from below, to D+(SpecA;). Here, a* denotes the derived functor 
of the direct image, a\ is its analogue "with compact support", and a^/a\ is a 
canonical choice of cone (which exists since the category of compactifications 
of X is filtered). The triangle (+)x is contravariantly functorial with respect 
to proper morphisms. Up to a twist and a shift, it is covariantly functorial 
with respect to proper smooth morphisms. This shows that a suitable ver- 
sion of Theorem 11.21 (a) is likely to extend to the sub-category of DMgm{S) 
generated by the relative motives of schemes which are (only) proper over S. 

For any proper smooth morphism f : T S in the category Sm/k, 
denote by : CHM{T) CHM{S) the canonical functor induced by 
h{X/T) I— > h{X/S), for any proper smooth scheme X over T (hence, over 
5"). For any morphism g : U ^ S in Sm/k, denote by g* : CHM{S) — >■ 
CHM{U) the canonical tensor functor induced by h{Y/S) i— > h(Y X5 U/U), 
for any proper smooth scheme Y over S. When g is proper and smooth, the 
functor g^ is left adjoint to g*. The following summarizes the behaviour of 
{dMgm, Mgm, Mg^) and {dMgm, Mgm, M^^)* under change of the base S. 

Theorem 1.5. (a) Let f : T —>■ S be a proper smooth morphism in Sm/k. 
There are canonical isomorphisms of additive functors 

: {dMgrn, Mg^, MlJs o /« ^ (dMg^, Mg^, MIJt 

and 

al : (9M,^, M,^, M^^)^ (9M,„, Mg^, M^^)* o 

on CHM{T). The formation of both af^ and is compatible with com- 
position of proper smooth morphisms in Sm/k. Under the identification of 
Theorem (c), the equivalence corresponds to the dual of the equiva- 
lence a /(J . 

(b) Let g : U ^ S be a proper smooth morphism in Sm/k. Then there exists 
a canonical transformation of additive functors 

/33.,id5 : {dMg^, Mg^, M'gju o 9* (dMg^, Mgm, M'gjs . 

The formation of (3g*,ids compatible with composition of proper smooth 
morphisms in Sm/k. 

(c) The transformations and /5g*,idg commute in the following sense: let 
f : T S and g : U ^ S be proper smooth morphisms in Sm/k. Consider 
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the cartesian diagram 

V = T XsU^U 

T 

and the canonical identification of natural transformations 

f;o9'* = 9*oft 

of functors from CHM{T) to CHM(U). Then the transformations 

Pg'*MT ° ("/„' °9'1 , a/„ o iPg'Ms ° /«) 
of functors on CHM{T) 

coincide. 

(d) Let g : U ^ S be a proper smooth morphism in Sm/k. Then there exists 
a canonical transformation of additive functors 

The formation of 7ids,g* is compatible with composition of proper smooth 
morphisms in Sm/k. Under the identification of Theorem \l.^ (c), the trans- 
formation 7ids,g* corresponds to the dual of the transformation /3g*,idg- 

(e) The transformations a*j-^ and 7idg,g* commute in the following sense: let 
f : T S and g : U ^ S be proper smooth morphisms in Sm/k. Consider 
the cartesian diagram 

V = T XsU^U 

T ^S 

Then the transformations 

(7ids,9* ° fi) ° «/„ > («/„' ° 9'*) o lidT,g" 

of functors on CHM{T) 
coincide. 

Remark 1.6. Sheaf-theoretical considerations show that parts (b)-(e) of 
Theorem 11.51 should hold more generally for morphisms g which are (only) 
proper. While this could be shown to be indeed the case, we chose to prove 
the statements only under the more restrictive assumption on g (the proof 
simplifies considerably since it is possible to make use of the functor g^ , which 
only exists when g is proper and smooth). 
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Let us prepare the proofs of Theorems 11.21 and 11.51 They are based on 
the following result. 

Theorem 1.7 ([W2l Thm. 6.14, Rem. 6.15]). Let W e Sm/k be of 
pure dimension m, and Z G W a closed sub-scheme such that arbitrary 
intersections of the irreducible components of Z are smooth. Fix n G Z. 

(a) There is a canonical morphism 

eye : h%z,gui{W,m-n)z) (Speck) ^ }lom^^j.ff^^~^{MgmiW/Z),Z{n)[2n]) . 

(b) The morphism eye is compatible with passage from the pair Z G W 
to Z' C U , for open sub-schemes U of W , and closed sub-schemes Z' of 
Z n U such that arbitrary intersections of the irreducible components of Z' 
are smooth. 

(c) When Z is empty, then 

eye . h {z^q^i {W,m -n)){Speck) — > Hom^^^e//(^j(Mgm(iy), Z(n)[2n]) . 

coincides with the morphism from jVli Cor. 4-2.5]. In particular, it is then 
an isomorphism. 

Some explanations are necessary. First, by definition |W2l Def. 6.13], 
the Nisnevich sheaf with transfers Zequi{W,m — n)z associates to T G Sm/k 
the group of those cycles in ZequiiW,m — n){T) [Vll p. 228] having empty 
intersection with T Z. In particular, the group ZequiiW, m — n)z{Spec k) 
equals the group of cycles on W of dimension m — n, whose support is disjoint 
from Z. Recall then [VI, p. 207] that the group 

lf{zeguiiW,m- n)z) (Speck) 

is the quotient of ZequiiW, m—n)z{Spec k) by the image under the differential 
"pull-back via 1 minus pull-back via 0" of ZequiiW, m — n)z{Al). Finally the 
object MgmiW / Z) denotes the relative motive associated to the immersion 
of Z into W jWa Def. 6.4]. 

Remark 1.8. One may speculate about the validity of Theorem 11.71 for 
arbitrary closed sub-schemes ZofWE Sm/ S. While the author is optimistic 
about this possibility, he notes that the tools developed in jW2j to prove 
Theorem 11.71 require Z to satisfy our more restrictive hypotheses. It is for 
that reason that we are forced to suppose k to admit strict resolution of 
singularities. 

Now note the following. 

Proposition 1.9. In the above situation, let in addition V G W be a 
closed sub-scheme in Sm/ S, which is disjoint from Z . Then the natural map 

Zequi{V, m-n) > ZequiiW, m - u) z 

induces a morphism 

CRm-n{V)^h%ZeqUW,m~n)z) (Speck) . 
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Corollary 1.10. Let W G Sm/k be of pure dimension m, V,Z G W 
dosed sub-schemes, and n E Z. Suppose that arbitrary intersections of the 
irreducible components of Z are smooth, and that V (1 Z = ^. Then there is 
a canonical morphism 

eye : CRm-niV) }iom^^^j.ff^^^iMg^{W/Z),Z{n)[2n]) . 

Given an open immersion j : U ^ W and a closed sub-scheme Z' of the 
intersection Z (lU such that arbitrary intersections of the irreducible compo- 
nents of Z' are smooth, the diagram 

CRrn^4V)^^^om^,,.jj^,^iM,UW/Z),Zin)[2n^ 

CH„_„(y nU)^ Hom^^,.,,(,)(M,^([//Z'), Z(n)[2n]) 
commutes. 

Now fix X, y G PropSm/ S. Choose a compactification (over k) S of S, 
and compactifications X of X, and YofY togetfier with cartesian diagrams 

X^ -X 

i I 

— 

and 

yc 

i \ 


(this is possible since X and Y are proper over S). The hypothesis on 
k ensures that arbitrary intersections of the_ irreducible components of the 
complements dX of X in X and dY of F in y can be supposed to be smooth. 
Each of the three constituents Mgm, M^my dMgm of the exact triangle (*) 
will correspond to an application of Corollary 11.101 with different choices of 
{W,Z). 

(1) for Mgm, we define W := X x^Y, 

(2) for M|„, we define W := Xx^Y, 

(3) for dMgm, we define W ■.= X x^Y - dX XkdY. 
In all three cases, we put Z := W — X x k Y . That is, 

(1) z = XxkdY, 

(2) Z = dXxkY, 
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(3) Z = XXfcaru9XXfcF. 

We also let V := X X s Y G X XkY in all three cases. These choices satisfy 
the hypotheses of Corollary 11.101 thanks to the following. 

Lemma 1.11. The scheme X XgY is closed in X x^Y — dX x j. BY . 

Proof. Indeed, the diagram 

X xsY^ ^XxkY -dXxkdY 

\ _\ _ 

^Sx„S 

is cartesian. q.e.d. 

Proof of Theorem li.ijj We may clearly assume S, X and Y to be of 
pure absolute dimension ds, dx and dy, respectively. 

Let us treat Mgm first. Note that by [Vlt Thm. 4.3.7 3], the group of 
morphisms in DMgm{k) from Mgm{X) to Mgm{Y) is canonically isomorphic 
to 

HomBM,™w(M,^W ® M;„(r),Z(rfy)[2ciy]) . 

Localization for the motive with compact support \V1\ Prop. 4.1.5] shows 
that Mg^{Y) = Mgm{Y / dY). Given the definition of the tensor structure 
on DMgm{k), the above therefore equals 

HomBAf,„(fc)(Mg„(X XkY/X x, aF), Z(dy)[2dy]) . 

By Corollary 11.101 applied to the setting (1), this group is the target of the 
morphism cyci on CHrf^(X XsY) = CE'^^~'^^{X XsY). Note that on a 
class which comes from 3 G cs{X,Y), the map cyci takes indeed the value 

MgU3). 

The case of is similar. First, by duality, the group of morphisms in 
DMgm{k) from M^^(X) to Mg^{Y) is canonically isomorphic to 

HomBAf,™(fc) (m;^(X) ® MgUY), Z(rfy)[2rfy]) . 
By localization, this group then equals 

Hom^M,„(fc) {Mgm(JXkY/ dX X^Y), Z(rfy)[2dy]) . 

By Corollary 11.101 applied to the setting (2), this group is the target of the 
morphism cyc2 on CR'^Y-ds(^X XsY). 

In order to show that for a cycle class z in CR^Y-ds^X XsY), the dia gram 

MgUX) ^M^^iX) 

MgmiY) -M^=„(F) 
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commutes, we need to study the group of morphisms in DMgm{k) from 
Mgm{X) to Mg^{Y). Again by duality, it is canonically isomorphic to 

Homz,M,„(fc)(Mg„(X Xfcr),Z(rfy)[2ciy]) . 

The above commutativity then follows from the compatibility of eye under 
restriction from X F, resp. X x^F, to X x^ F (Corollary 11.101) . 

Now let us treat dMgm- Note that by |W2l Thm. 6.1], the group of mor- 
phisms in DMgm{k) from dMgm{X) to dMgm{Y) is canonically isomorphic 
to 

RomnM,^^k){dMgm{X) ® dMg,n{Y)[l],Z{dY)[2dY]) . 

As in |W2l pp. 650-651], one shows that dMg^{X) ® dMgmiY)[l] maps 
canonically to the relative motive 

Mgrn{(X x,Y -dX x,dY)/(X XkY -dX XkdY -X x^Y)) . 

Hence the group of morphisms Hom^j^^e//^^-| {dMgm{X),dMgm{Y)) receives 
an arrow, say a, from the group of morphisms from 

Mgrn{(X x,Y - dX XkdY)/(X XkY - dX XkdY -X x^Y)) 

to Z((iy)[2(iy]). By Corollary 11.101 applied to the setting (3), this group is 
the target of the morphism eye^ on CH'^'^~'^-^(X x^ Y). 

In order to show that for a cycle class z in C}i'^Y-ds(^XxsY),the dia gram 

M^g^iX) ^dMgUX)[l] 

CyC2(2)| |cyC3{z)[l] 

M'g^iY) ^dMgUY)[l] 

commutes, we need to study the group of morphisms in DMg„i{k) from 
M'g^{X) to dMgm{Y)\l]. Again by Thm. 6.1], it is canonically iso- 

morphic to 

HomBM,„(,)(M^^„(X) ® 9M,„(F),Z(rfy)[2rfy]) . 

But M'g^{X)®dMgm{Y) maps canonically to M|„(X) (g)Mg„(r), which was 
already identified with the relative motive 

Mg^{XxuY/dXx„Y) . 

Hence the group of morphisms B.omDMgm(k){Mgmi-^)^9^gm(Y)[l]) receives 
an arrow, say (3, from 

Hom^M,^(fc) {MgmiXXkY/ dX X^Y), Z(rfy)[2c?y]) . 

The desired commutativity then follows from the compatibility of eye under 
restriction from X XkY — dX X/. dY to X x^Y (Corollary 11.101) . and from 
the compatibility of /3 and the map a from above. The latter is a consequence 
of the compatibility of the isomorphism 

dMgUYm ^ dMgm{YndY)[2dy] 
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with duality Mgm{Y) = M|„(r)*(rfy)[2rfy] jW2l Thm. 6.1]. 
The proof of the commutativity of 

dMgUX) ^Mgm{X) 

cyc3(2)| |cyci(2) 

dM,miY) -M,„(y) 

is similar. 

Altogether, this proves part (a) of the statement. As for parts (b) and 
(c), simply compose the functor from (a) with duality in DMgm{k), using 
|VT1 Thm. 4.3.7 3] and |W2l Thm. 6.1]. 

By |W2l Rem. 6.15], our construction is independent of the compactifi- 
cations S, X, Y. q.e.d. 

Proof of Theorem \1.5[ _ We keep the notations of the previous proof. 
Choose compactifications T of T, and U of U together with cartesian dia- 
grams 



f\ \ 
— 

and 

— 

4 I 

— 

(/ and g are proper). 

(a) Checking the definitions, the transformation aj^ is in fact given by 
the identity. Indeed, both {dMg^, Mg^, M^Js o /« and (^M^^, M^^, M^Jt 
map the object h{X/T), for X G PropSm/T, to the exact triangle 

{*)x dMgUX) MgUX) M^^„(X) dMgUX)[l] . 

Note that on morphisms, the functor /jj corresponds to the push-forward 

CH,(X XT Y) ^ CH,(X xs Y) 

along the closed immersion X x^Y "-^ X XsY. The latter factors the closed 
immersion 

X XtY ^ — >XxkY-dXxkdY . 

The construction (see the preceding proof) shows then that the effects of the 
functors {dMg^rn, Mgm, M^^)s o /j and of {dMgm, Mgm, Mfj^)T coincide also 
on CH*(X XtY). This shows the first half of statement (a). The second is 
implied formally by Theorem 11.21 (c). 

(b) We first consider an auxiliary functor. The morphism g being proper 
and smooth, we may consider the composition g\j,o g* on CHM{S), which on 
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objects is given by h{Y / S) ^ h{Y XgU/S), for any proper smooth scheme 
Y over S. Projection onto the first component then yields a transformation 
of functors, namely the adjunction 

bg*,ids '■ 9f,° 9* — ^ idcHM{s) ■ 
Then define (3g*,ids to be the composition of transformations 

observing the equivalence 

ag^ o g* : {dMg^, Mgrn, M'gJs og^og* ^ {dMg^, Mg^, M'gJu o g* 

from part (a). We leave it to the reader to check the compatibility of this 
construction with composition of proper smooth morphisms in Sm/k. 

(c) Similarly, this commutativity statement is left as an exercice. 

(d) , (e) Given Theorem 11.21 (c). these statements follow formally from (b) 
and (c), respectively. q.e.d. 

For X,Y E PropSm/ S, denote by cs{X,Y) the quotient of cs{X,Y) by 
the group of cycles 3 satisfying 

MgW5) = , M'g^{3) = , dMgmO) = 0. 

Note that composition of correspondences induces a well-defined composition 
on cs- In particular, for any X G PropSm/ S , the group cs{X,X) carries 
the structure of an algebra. 

Corollary 1.12. Let X and Y be in PropSm/ S . Then the projection 

cs{X,Y)-^cs{X,Y) 

factors through the image of cs{X,Y) in CH*(X XsY). In other words, 
two cycles 3i,32 £ cs{X,Y) induce the same morphisms Mgm{3i), resp. 
Mg^C^i), resp. dMgm(/di), if they are rationally equivalent (on X XsY ). 

Remark 1.13. (a) Let X, y G Sm/S. As shown in |Le3l Lemma 5.18], 
the map 

cs{X,Y)^CU,^{XxsY) 

is surjective, whenever Y is projective, and X of pure absolute dimension dx- 
Therefore, by Corollary 11.121 the group cs{X, Y) is canonically a quotient of 
CHd^(X xcj y) if X e PropSm/ S and Y G Pro] Sm/S. 

(b) The observation from (a) fits in the functorial picture sketched in Re- 
mark flTSl Indeed, |De2[ Thm. 5.23] implies that the restriction of the functor 

■^gm 1 

Mg^ : CHM{S)^^^^ ^ DMgmik) 
factors canonically through a fully faithful embedding 

CHMiS)^^^^ ^ DMgUS) . 
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(c) In [Le3l Prop. 5.19], an embedding result analogous to (b) is proven for 
a dg-version of DMgm{S), denoted SmMot{S) in [loc. cit.], from which the 
embedding (b) can be deduced |Le3l Cor. 7.13]. 

(d) Since |De2l Thm. 5.23] is true for any regular Noetherian base scheme S, 
the embedding 

holds more generally for any such S. 

(e) For S G Sm/k, |De2l Thm. 5.23] can be employed to show that the image 
of CHM{S)p^^^ in DMgm{S) is negative, i.e., 

Homz?A/,„(5)(Mi,M2[z]) = 

for any two relative Chow motives Mi,M2 G CHM{S) and any integer 
i>0. 

(f) When S = Speck, results (b) and (e) are contained in |Vll Cor. 4.2.6]. 

Remark 1.14. Fix a non-negative integer d, and consider the full sub- 
category CHM{S)^ of CHM{S) of Chow motives generated by the Tate 
twists of h{X/S), for X G PropSm/ S of pure absolute dimension d. The 
construction of the duality isomorphisms ^Vl^ Thm. 4.3.7 3], [W2^ Thm. 6.1] 
shows that the identification 

of the restriction of the functors from Theorem 11.21 to CHM{S)^ admits 
an alternative description, when S is of pure absolute dimension, say s: on 
CHM{S)^, the functor {dMgm, Mg^, Mg^)* equals then composition of du- 
ality in the category CHM{S)^ with (dMg^, Mg^, M^^), followed by the 
functor M \—>- M{—s)[—2s]. Note that on morphisms, duality in CHM{S)^ 
corresponds to the transposition CH*(X XgY)^ CH^,(y x 5 X). 

This observation allows to deduce the following statements from Theo- 
rem [LSI 

Corollary 1.15. (a) Let g : U ^ S be a proper smooth morphism in 
Sm/k of pure relative dimension dg. Then there exists a canonical transfor- 
mation of additive functors 

6,ds,g* : {dMg^,Mg,^,M'gjs {dMgm,Mgrr,,M;;ju{-dg)[-2dg]0g* . 

The formation of6idg,g* is compatible with composition of proper smooth mor- 
phisms in Sm/k of pure relative dimension. 

(b) Let g : U ^ S be a finite etale morphism in Sm/k of constant (fibrewise) 
degree u. Then the endomorphism 

of the functor {dMgm, Mg^, M^m)s equals multiplication by u. 
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Proof. (a) We may assume S to be of pure absolute dimension, say s. 
Consider the transformation 

7id,,,* : {dMg^, M,„, M;„)* ^ (9M,„, M^^, M^^)^ o g* 

from Theorem 11.51 (d). Composition with duahty D5 in CHM{S) gives 

Now observe the formula 

Buog* = g*o Bs 

{B>u := duality in CHM{U)). Define 5ids,s* as the composition of 7ids,g* ^'^s 
and M M(s)[2s], observing that source and target of (5idg g* are identified 
with {dMg^,Mg^,MlJs and {dM^^, Mg^, MlJu{-dg)[-idg] o g\ respec- 
tively. 

(b) The morphism g being finite and etale, we have 

D5 o fl-tt = fi'« ° ID'c/ • 

This shows that g^ is also right adjoint to g* . Checking the definitions, the 
composition I3g*^ids ° ^ids,s* equals up to twist and shift the composition of 
the two adjunctions 

i '■ idcHM{s) — ^ 9t o 9* — ^ idcHM(S) , 

preceded by duality, and followed by {dMgm, Mgm, Mg^^Yg. These functors 
being additive, it suffices to show that ^ equals multiplication bu u. But this 
identity on morphisms of relative Chow motives is classical. q.e.d. 

The main results of this section have obvious F-linear versions, for any 
commutative Q-algebra F. Let us now describe how our analysis of the 
functor {dMgm, Mgm, Mg^) will be used in the sequel. 

Example 1.16. Let 91,92 '■ U ^ S be two finite etale morphisms in 
Sm/k. Fix an object X e PropSm/ S, an idempotent e on h{X/S) (possibly 
belonging to CH*(X X5 X) ®z F, for some commutative Q-algebra F), and 
a morphism 

V:gl{h{X/Sr)^g;{h{X/Sr) 
in CHMiU) (or CHM{U)p). 

(a) Let us define an endomorphism of {dMgm, Mgm, M^^) {h{X/ Sy) "of Hecke 
type", denoted ip{gi,g2), by composing 

5id,,3t ■■ {dMgm,Mgm,M^gJ{h{X/Sr) ^ idMgm,Mgm,M^gJ{gl{hiX/Sr)) 
first with {dMgm, Mg^, Mg^) o ^p, and then with 

/33.,ids : {dMgm,Mgm,M;;j{g;{h{X/SY)) ^ {dMgm,Mgm,M'gJ{h{X/Sr) . 

(b) Note that unless gi = g2, the endomorphism ip{gi,g2) is in general not 
the image of an endomorphism on the relative Chow motive h{X/Sy under 
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the functor {dMg^, Mg^, M^^). 

(c) If if is an isomorphism, with inverse ip, then using the construction from 
(a), the endomorphism ip{g2,gi) on {dMgm, Mgjn, Mg^){h{X/ Sy) can be de- 
fined. If X is of pure absolute dimension dx, then ip{g2,gi) equals the dual 
of (p{gi,g2), twisted by dx and shifted by 2dx, under the identification 

{dMg^,Mg^,M;;j*{h{X/S)) = {dMgm,Mg^,M'gJ{h{X/S)){-dx)[-2dx] 

from Theorem 1 1 . 21 (b 1 ) . We leave the details of the verification to the reader. 

(d) In practice, the morphism ip : gl{h{X/SY) gl{h{X/SY) will be ob- 
tained from a morphism of relative Chow motives over U 

if : h{X xs,g, U/U) = gmx/S)) gmx/S)) = h{X Xs,g, U/U) 

satisfying the equation 

^°9l{e) = g*2{e)oi^ 

in CB.*{{Xxs,g,U)xu{Xxs,g,U)) (or CB*{{Xxs,g,U)xu{Xxs,g,U))®j^F). 
In that case, ip{gi,g2) can be seen as an endomorphism of the whole of 
{dMgm,Mgm,M;;j{h{X/S)) commuting with e. 

(e) In the setting of (d), assume that the morphism 

if : h{X xs,g, U/U) h{X xs,g, U/U) 
is represented by the cycle 3 in 

cu{X Xs,g, U,X Xs,g^ U) 

(or in cu{X x ^ U,X x s g,^ U) ®i F). Checking the definitions, one sees that 
the Mgm-component of ip{gi, (72) is then represented by the image of 3 under 
the direct image 

(^1 Xfe^2), : cu{X xs,g, U,X xs,g., U) — > c(X,X) 

(or under {gi Xf, g2)* ® F). 

2 Motives associated to Abelian schemes 

Fix a field k admitting strict resolution of singularities, and a base S G Sm/S. 
In this section, we combine the main result from [DeM] with the theory 
developed in Section [H Recall the following. 

Theorem 2.1 f jPeMl Thm. 3.1, Prop. 3.3]). (a) Let A/S be an 

Abelian scheme of relative dimension g. Then there is a unique decomposition 
of the class of the diagonal (A) G CH''(y4 X5 A) (g)^ Q , 

29 

{A) = J2pa, 

i=0 
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such that pA,i o (r[n]A) = ■ PA,i for all i, and all integers n. The pA,i are 
mutually orthogonal idempotents, and (r[„]^) o p^ ^ = ■ pA,i for all i. 

(b) For any morphism f : A ^ B of Abelian schemes over S , and any i, 

PB,^ O (r^) = iTf)opA,i E CH*(A XsB)0^Q. 

In other words, the decomposition in (a) is covariantly functorial in A. 

(c) For any isogeny g : B ^ A of Abelian schemes over S, and any i, 

PB,r O (*r,) = i!Vg)opA,, e CR*iA Xs 5) ®z Q . 

In other words, the decomposition in (a) is contravariantly functorial under 
isogenics. 

We use the notation Th for the graph of a morphism h of S'-schemes, [ra]^ 
for the multiphcation by n on the Abehan scheme A, (3) for the class of a 
cycle 3, and *3 for its transposition. Let 

h{A/S) = ^h,iA/S) 

i 

be the decomposition of the relative motive of A corresponding to the decom- 
position (A) = XliP^.i- Thus, on the term hi{A/S), the cycle class (r[„]^) 
acts via multiplication by nK 

Now recall the exact triangle 

By Theorem 11.21 (a), the cycle classes pA,i induce endomorphisms of 
when considered as an exact triangle in DM^fJ {k)„. 

Theorem 2.2. (a) Let A/S be an Abelian scheme of relative dimension 
g. For < i < 2g, denote by Mgm{A)i, M^^{A)i and dMgra{A)i the im- 
ages of the idempotent pA,i on Mgm{A), Mgj^(A) and dMgm{A), respectively, 
considered as objects of the category DMgfJ{k)^. Then for any i, the triangle 

{*)a, dMgUA)i Mgm{A), Ml^{A)i dMgm{AUl] 
in DM^ll ik)^ is exact. 

gill \ / (y) 

(b) The direct sum of the triangles {*)A,i yields a decomposition 

1=0 

It has the following properties: 

(bl) for any integer n, the decomposition is respected by [n]^- 

(b2) for each i and n, the induced morphisms [n\A,i on the three terms of 
{*)A,i equal multiplication by n\ 
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(c) As a decomposition of {*)a into some finite direct sum of exact triangles 

i 

is uniquely determined by properties (hi) and (h2). More precisely, it is 
uniquely determined by the following properties: 

(cl) for some integer n ^ —1, 0, 1, the decomposition is respected by [n]^. 

(c2) for the choice ofn made in (cl) and eachi, the induced morphism [n\A,i 
on the three terms of {*)A,i equals multiplication by n*. 

(d) The decomposition 

i 

is covariantly functorial under morphisms, and contravariantly functorial un- 
der isogenics of Abelian schemes over S. 

Proof. Part (a) is a formal consequence of the fact that the pA,i are 
idempotent. 

Parts (b) and (d) follow from Theorem l2.1l and the functoriality statement 
from Theorem 11.21 (a). 

Part (c) is left to the reader. q.e.d. 

The following seems worthwhile to note explicitly. 

Corollary 2.3. Let A/S be an Abelian scheme of relative dimension g. 
Then the boundary motive dMgm{A) decomposes functorially into a direct 
sum 

^Mgm{A) = ^^MgUA)^. 

i=0 

On dMgm{A)i, the endomorphism [n]A acts via multiplication by n*, for any 
integer n, and any < i < 2g. 

Here is an illustration of the surjectivity proved in |Le3t Lemma 5.18]. 

Proposition 2.4. Let A/S be an Abelian scheme. The elements pA,i of 
CH*(y4 Xs A)®i<Q_ lie in the image of 

cs{A, A) ®z Q ^ CH*(A XsA)®^Q. 

More precisely, for any integer n 7^ — 1, 0, 1, 



nrr„i . — 
■ 



— 



is a pre-image of paa in cs{A,A) ®i 
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Proof. On each of the direct factors hj{A/S) C h{A/S), the projector 
PA,i acts via muhiphcation by the Kronecker symbol 6ij, while (Ffn,]^) acts 
via multiplication by . Therefore, 



— 



n- 



for any integer n ^ —1,0, 1. Therefore, the element 7rA,j,n G C5(A, A) ®^ Q 
is indeed a pre-image of "pA^i- q.e.d. 



3 Artin— Tate motives 

We fix a commutative Q-algebra F, supposed to be semi-simple and Noethe- 
rian, in other words, a finite direct product of fields of characteristic zero. 
In this section, we define the F-linear triangulated category of Artin-Tate 
motives (Definition I3.3p . along with a number of variants, indexed by cer- 
tain sub-categories of the category of discrete representations of the absolute 
Galois group of our perfect base field k (Definition I3.6I) . We then start the 
analysis of this category, following the part of [Lei] valid without additional 
assumptions on our perfect base field k. 

For any integer m, there is defined a Tate object Z(m) in DMgm{k), which 
belongs to DM^l^ik) if m > [Vli p. 192]. We shall use the same notation 
when we consider Z(m) as an object of DMgmik) p. 

Definition 3.1 (cmp. [Lell Def. 3.1]). Define the triangulated category 
of Tate motives over k as the strict full triangulated sub-category DMT{k)p 
of DMgm{k) p generated by the Z(m), for m G Z. 

Recall that by definition, a strict sub-category is closed under isomor- 
phisms in the ambient category. It is easy to see that DMT{k)p is tensor 
triangulated. 

Definition 3.2. Define the triangulated category of Artin motives over k 
as the pseudo-Abelian completion of the strict full triangulated sub-category 
DMA{k)p of DMgllik) p generated by the motives Mgm{X) of smooth zero- 
dimensional schemes X over k. 

This category is again tensor triangulated. 

Definition 3.3. Define the triangulated category of Artin-Tate motives 
over k as the strict full tensor triangulated sub-category DMAT{k)p of 
DMgm{k)p generated by DMA{k)p and DMT{k)p. 

The following observation |Vll Remark 2 on p. 217] is central for what is 
to follow. 
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Proposition 3.4. The triangulated category DMA{k)p of Artin motives 
is canonically equivalent to D^{MA{k)F), the hounded derived category of the 
Abelian category MA{k)F of discrete representations of the absolute Galois 
group of k in finitely generated F -modules. 

More precisely, if X is smooth and zero-dimensional over fc, and k a fixed 
algebraic closure of fc, then the absolute Galois group of A;, when identified 
with the group of automorphisms of k over /c, acts canonically on the set 
of A;-valued points of X. The object of MA{k)p corresponding to M{X) 
under the equivalence of Proposition 13.41 is nothing but the formal F-linear 
envelope of this set, with the induced action of the Galois group. Note that 
the category MA{k)p is semi-simple. 

Corollary 3.5. There is a canonical non- degenerate t-structure on the 
category DMA{k)p. Its heart is equivalent to MA{k)p. 

By contrast ^VTl Remark 1 on p. 217], it is not clear how to construct 
a non-degenerate t-structure on the triangulated category DMA{k) of zero 
motives (whose F-linearization equals DMA[k)p). 

For the rest of this section, let us identify the triangulated categories 
DMA{k)p and D''{MA{k)F) via the equivalence of Proposition 13.41 Let us 
also fix a strict full Abelian semi-simple F-linear tensor sub-category A of 
MA{k)F, containing the category triv of objects of MA{k)F on which the 
Galois group acts trivially. 

Definition 3.6. Define DAT as the strict full tensor triangulated sub- 
category of DMAT{k)F generated by A, and by DMT{k) p. 

Examples 3.7. (a) When A equals MA{k)F, then DAT = DMAT{k)F. 
(b) When A equals triv, then DAT = DMT{k)p. 

Let us agree to set Z(n/2) := for odd integers n. For any object M of 
DAT and any integer n, let us write M{n/2) for the tensor product of M 
and Z(n/2). 

Following |Lel] . let us first define DATia^b] as the full triangulated sub- 
category of DAT generated by the objects N{m), for N & A and a < —2m < 
b, for integers a <b (we allow a = — oo and b = oo). We denote DAT[aa] by 
DATa. 

Proposition 3.8. The category DATa is zero for a E 1j odd. For a G Z 

even, the exact functor 

DATa — > DMA{k)p , M i — > M{a/2) 

induces an equivalence between DATa and the bounded derived category of A 
(which is equal to the Z-graded category GizA = ®m&z-A over A). 



24 



Proof. By construction, the functor is exact, and identifies DATa 
with the full triangulated sub-category of DMA{k)p of objects, whose co- 
homology lies in A. Recall that we identified the categories DMA{k)p and 
D^{MA{k)F)- It remains to see that the obvious exact functor 

D\A) — > D\MA{k)F) 

is fully faithful. But this an immediate consequence of the fact that the 
Abelian categories A and MA{k)F are semi-simple. q.e.d. 

In particular, there is a canonical t-structure {DAT^'^, DAT^^) on DATa- 
the category DAT^^ is the full sub-category of DATa generated by objects 
N{—a/2)[r], for G ^ and r > 0, and DAT^^ is the full sub-category 
generated by objects A^(— a/2)[r], for N E A and r < 0. If a is even, then 
the category A is equivalent to the heart ATa of this canonical t-structure 
via the functor i— > N{—a/2). 

Second, we construct auxiliary t-structures. 

Proposition 3.9 (cmp. [Lell Lemma 1.2]). Let a < n < h. Then the 
pair {DAT[a,n], DAT\n+i,b]) defines a t-structure on DAT[a,b]- 

Proof. Imitate the proof of [Lell Lemma 1.2]. The decisive ingredient 
is the following generalization of the vanishing from |Lell Def. 1.1 i)]: 

HomD^r(A^i(mi)[r], A'2(m2)[s]) = , Vmi > ma , iVi, A^a G ^ , r, s G Z . 

It holds because Yiomo at = ^omDMg^ik)^-, and Y{om.DMgm{')F satisfies de- 
scent for finite extensions L/k of the base field. Choosing an extension L 
splitting both A"! and N2 therefore allows to deduce the desired vanishing 
from that of 

}iomDM,m{L)Q (Z(mi) [r], ^(ma) [s]) . 

q.e.d. 



Remark 3.10. (a) The above proof uses the relation of /^-theory of L 
tensored with Q , with Hom£)Mg„(L)Q- This relation is established by work of 
Bloch lBk2] (see Section II.3.6]), and will be used again in the 



proofs of Theorem 15.11 and Variant 15.21 

(b) Levine pointed out that the t-structures from Proposition l3.9l for varying 
n, can be used to show that the category DAT is pseudo-Abelian. We shall 
give an alternative proof of this result in Section HI using Bondarko's theory 
of weight structures (Corollary | 



Note that since DATi^a,n] and DAT^^n+i^b] are themselves triangulated, the 
t-structure from Proposition l3.9l is necessarily degenerate. As in |Lell Sect. 1], 
denote the truncation functors by 

W<n : DAT[a,b] DAT[ 
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and 

W>n+l : DAT[a,b] ^ DAT[n+l,b] , 

and note that for fixed n, they are compatible with change of a or b. Write 
gr„ for the composition of W<n and W>n (in either sense). The target of 
this functor is the category DATn- We are now ready to set up the data 
necessary for the t-structure we shall actually be interested in. 

Definition 3.11 (cmp. jLelt Def. 1.4]). Fix a < b (we allow a = — oo 
and b = oo). 

(a) Define DAT^^^^ as the full sub-category of DAT[a,b] of objects M such 
that gr„M G DAT^^ for all integers n such that a < n < b. 

(b) Define DAT^^^. as the full sub-category of DAT^a^f,] of objects M such 
that gr^M G DAT^^ for all integers n such that a < n < b. 

As we shall see (Theorem 15.11 Variant 15. 2p . the pair {DATr^^^,DAT^^^^) 
defines a t-structure on DAT[a,b], provided that the base field k is algebraic 
over Q . In particular, we then get a canonical t-structure on DAT. The 
vital point will be the validity of the Beilinson-Soule vanishing conjecture 
for all finite field extensions of k. 



4 The motivic weight structure 

The purpose of this section is to first review Bondarko's definition of weight 
structures on triangulated categories, and his result on the existence of such 
a weight structure on the categories DMgm{k) and DMgm{k) p |Bo] . We will 
then show (Theorem 14.51 (a)) that the latter induces a weight structure on 
any of the triangulated categories constructed in Section [3l The explicit 
description of the heart of this weight structure (Theorem 14.51 (b), (c)) will 
turn out to be very useful. In particular, we derive a description of objects 
with two adjacent weights (Corollary 14. 9p . which will be used in our analysis 
of the motivic cohomology of Hilbert-Blumenthal surfaces (see Section [7]). 

Definition 4.1 (cmp. [Bo[ Def. 1.1.1]). Let C be a triangulated category. 
A weight structure on C is & pair w = {Cw<o, Cw>o) of full sub-categories of 
C, such that, putting 

Cw<n '■= Cw<o[n] , Cu,>n '■= Cyj>o[n\ V n G Z , 

the following conditions are satisfied. 

(1) The categories C^<o and Cw>o are Karoubi-closed (i.e., closed under 
retracts formed in C). 
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(2) (Semi-invariance with respect to shifts.) We have the inclusions 

of full sub-categories of C. 

(3) (Orthogonality.) For any pair of objects M G Cw<o and G C^>i, we 
have 

Homc(M, A^) = . 

(4) (Weight filtration.) For any object M G C, there exists an exact triangle 

A — > M — > B — > A[l] 
in C, such that A G C^<o and B G Cw>i. 

It is easy to see that for any integer n and any object M G C, there is an 
exact triangle 

A — > M — > B — > A[l] 

in C, such that A G Cw<n and B G Cw>n+i- By a slight generalization of the 
terminology introduced in condition 14.11 (4), we shall refer to any such exact 
triangle as a weight filtration of M. 

Remark 4.2. Our convention concerning the sign of the weight is oppo- 
site to the one from [Bol, Def. 1.1.1], i.e., we exchanged the roles of C^<o and 

Definition 4.3 ( |Bol Def. 1.2.1]). Let w = {Cw<o,Cw>o) be a weight 
structure on C. The heart of w is the full additive sub-category C^=o of C 
whose objects lie both in C^<o and in Cw>o- 

One of the main results of [Bo] is the following. 

Theorem 4.4 ([Bol Sect. 6]). (a) If k is of characteristic zero, then there 
is a canonical weight structure on the category DMgll{k). It is uniquely 
characterized by the requirement that its heart equal CHM^^^ {k). 

(h) If k is of characteristic zero, then there is a canonical weight structure 
on the category DMgm{k), extending the weight structure from (a). It is 
uniquely characterized by the requirement that its heart equal CHM{k). 

(c) Let F be a commutative Q-algebra. Analogues of statements (a) and (b) 
hold for the F-linearized categories DM'glf{k)^, CHM''ff{k)p, DMgmik)^, 
and CHM{k)p, and for a perfect base field k of arbitrary characteristic. 

Let us refer to any of these weight structures as motivic. For a concise 
review of the main ingredients of Bondarko's proof, see [W4l Sect. 1]. 
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Now fix a finite direct product F of fields of characteristic zero, and a full 
Abelian F-linear tensor sub-category A of MA{k)F, containing the category 
triv. Recall (Definition 13.61) that 

DAT C DMAT{k)F C DMgm{k)p 

denotes the strict full tensor triangulated sub-category generated by A, and 
by the triangulated category DMT{k)p of Tate motives. Intersecting with 
DAT, the motivic weight structure {DMgm{k) p^^^, DMgm{k) p^^^ from 
Theorem 14.41 (c) yields a pair 

w := Wa ■■= {DAT^<o, DAT^>o) 
of full sub-categories of DAT. 

Theorem 4.5. (a) The pair w is a weight structure on DAT. 

(h) The heart DAT^^q equals the intersection of DAT and CHM{k)p. It 
generates the triangulated category DAT. It is Abelian semi-simple. Its 
objects are finite direct sums of objects of the form N{m)[2m], for N E A 
and m G Z. 

(c) The functor from the Z-graded category GiiA over A to DATw=o 
GtzA = ^A — y DAT^=o , (A^m)mez ^ ©™eziV„(m)[2m] 

meZ 

is an equivalence of categories. 

Proof. Define K. as the full additive sub-category of DAT of objects, 
which are finite direct sums of objects of the form N{m)[2m], foT N E A 
and m G Z. Note that /C generates the triangulated category DAT. All 
objects of /C are Chow motives. In particular, by orthogonality 14.11 (3) for 
the motivic weight structure (see |Vll Cor. 4.2.6]), /C is negative, i.e., 

RomDATiMu M2\i]) = Homz5M,„(fc)^(Mi,M2[z]) = 

for any two objects Mi,M2 of /C, and any integer i > 0. Therefore, |Bol 
Thm. 4.3.2 II 1] can be applied to ensure the existence of a weight structure 
V on DAT, uniquely characterized by the property of containing /C in its 
heart. Furthermore [Bo\ Thm. 4.3.2 II 2], the heart DAT^^q of v is equal 
to the category K.' of retracts of objects of K. in DAT. In particular, it 
is contained in the heart CHM{k)p of the motivic weight structure. The 
existence of weight filtrations 14.11 (4) for the weight structure v then formally 
implies that 

DAT,<o C DMg^{k)p^^^^ , 

and that 

DAT,>o C DMgm{k)p^^^^ . 
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Now let Ml e DAT^<o = DAT n DMg^{k) p^^^^. Then for any M2 G 
DAT^>\, we have 

Hom^^T(Mi,M2) = 0, 

thanks to orthogonahty 14.11 (3) for the motivic weight structure, and to the 
fact that DAT^>i is contained in DMgmiJi) p^-^y Axioms 14.11 (1) and (4) 
easily imply (see also |Bol Prop. 1.3.3 2]) that Mi G DAT.o<o. Therefore, 

DATu,<Q = DATy<Q . 

In the same way, one proves that 

DAT^>o = DAT^>o . 

Altogether, the weight structure v coincides with the data w = w^x- This 
proves part (a) of our claim. We also see that part (b) is formally implied 
by the following claim, (b') The category JC is Abelian semi-simple. (Since 
then /C will necessarily be pseudo-Abehan, hence DAT^^^q = JC' coincides 
with /C.) 

Now consider two objects A''i, N2 of A, two integers mi, 1712, and the group 
of morphisms 

Hom(A^i(mi)[2mi], A^2(m2)[2m2]) = Hom(A^i, A^2("^2 - mi)[2(m2 - mi)]) 

in DAT. Two essentially different cases occur: if mi 7^ m2, then the group 
of morphisms is zero. Indeed, using descent for finite extensions of k as in 
the proof of Proposition 13.91 we reduce ourselves to the case Ni = N2 = Z, 
where the desired vanishing follows from [Vll Prop. 4.2.9]. 
If mi = m2, then 

Hom(A^i(mi)[2mi], A/'2(m2)[2m2]) = Rom{Ni,N2) 

can be calculated in the Abelian category A. 

Thus in any of the two cases, the group Hom(A''i(mi)[2mi], A^2("^2)[2m2]) 
coincides with 

HomGrzyi((iVi) m=mi ) (A^2)m=m2) • 

Therefore, the functor defined in part (c) of the claim is fully faithful. Fur- 
thermore, it induces an equivalence of categories between Gt^A and /C. The 
latter is therefore Abelian semi-simple. This shows (b'), hence part (b) of 
our claim. It also shows part (c). q.e.d. 

Statement (b) of Theorem 14.51 should be considered as remarkable in that 
it happens rarely that the heart of a weight structure is Abelian. We refer 
to |Pal Thm. 3.2], where this question is studied abstractly. 

Corollary 4.6. The category DAT is pseudo-Ahelian. 

Proof. By Theorem 14.51 (b), the heart DATu,=o is pseudo- Abelian and 
generates the triangulated category DAT. Our claim thus follows from |Bol 
Lemma 5.2.1]. q.e.d. 
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Here is another formal consequence of Theorem 14.51 (b). 

Corollary 4.7. (a) The inclusion of the heart i_ : DATw=o "—>■ DATuj<q 
admits a left adjoint 

Gro : DAT^<o DAT^=o ■ 

For any M G DAT^kq, the adjunction morphism M Gtq M gives rise to 
a weight filtration 

M<_i — > M — > Gro M — > M<_i[l] 

of M. The composition Gro o6_ equals the identity on DAT^=o. 

(h) The inclusion of the heart <.+ : DATw=q ^ DATy^^Q admits a right 
adjoint 

Gro : DATw>Q — > DATy^=o ■ 

For any M G DATw>o, the adjunction morphism Gtq M ^ M gives rise to 
a weight filtration 

Gro M — > M — > M>i — > Gro M[l] 
of M. The composition Gro ot_,_ equals the identity on DAT^=q. 

Proof. Let M G DAT^kq. First choose an exact triangle 
M<_2 — >M — ^ M_i,o — > M<_2[1] , 

with M<_2 G DAT^<-2 and M„i,o e DAT^>-i n DAT^<o. Orthogona- 
lity HH] (3), together with the fact that M<_2[1] G DAT^<_i shows that the 
morphism M M_i o induces an isomorphism 

Hom^^^T (M_i,o, A^) Hom^^^T (M, A^) 

for any object of the heart DATyj=Q. Now choose an exact triangle 

Mil M_i,o ^ ^ M'_,[l] , 

with Mil e DAT^=-i (hence Mijl] G DAT^=o) and G DAT^=o. Re- 
call that according to Theorem 14.51 (b), DAT^=o is Abelian semi-simple. 
Therefore, the morphism a has a kernel and an image, both of which ad- 
mit direct complements in Mq and in Mii[l], respectively. Choose a direct 
complement Mq of kera in Mq, and a direct complement M_i[l] of ima in 
Mi]^[l] (for some M_i G DAT^=_i). Via the restriction of a, the object Mo 
is isomorphic to the image. We thus get a commutative diagram 

M^ ^ ^M'_AM 

\ I 

kera =: GroM^-M_i[l] 
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in DATw=o and in fact, a morphism of exact triangles 

M'_i M_i,o M'_i [1] 

I II I \ 

M_i M_i,o Gro M M_i [1] 

in DAT. By construction, and by orthogonality 14.11 (3), the morphism 
M_i —>■ Gyq M induces an isomorphism 

Hom^i^T (Gro M, A^) Hom^^T (M_i,o, N) 

for any object of the heart DAT^=o. Choosing a cone of the composition 
M — ^ M_ifi Gyq M, we get exact triangles 

M<_i — > M — > Gro M — > M<_i[l] 

and 

M<_2 — > Af<_i — ^ M_i — > M<_2[1] . 

The second of the two exact triangles, together with stabihty of DATw<-i 
under extensions (cmp. [Bo, Prop. 1.3.3 3]) shows that M<_i belongs to 
DAT^K-i- Therefore, the first is a weight filtration of M. By construction, 
the morphism M Gtq M induces an isomorphism 

RomD AT (Gro M, A^) Hom^^T. (M, A^) 

for any object A^ of the heart DAT^=o. From this property, it is easy to 
deduce the functorial behaviour of Gro M. 

This proves part (a) of the claim; the proof of part (b) is dual. q.e.d. 

Remark 4.8. (a) As the proof shows. Corollary 14.71 remains true in the 
general context of weight structures on triangulated categories, whose heart 
is Abelian semi-simple. 

(b) This more general version of Corollary 14.71 should be compared to |W4l 
Prop. 2.2]. The conclusions on the existence of the adjoints Gro are the same. 
On the one hand. Corollary 14.71 works without the additional assumption 
from [loc. cit.] on the absence of the adjacent weights —1 and 1. On the 
other hand, the fact that the heart is Abelian semi-simple, as we have just 
seen, is a vital ingredient of the proof. There is another subtle difference 
between the two situations: In the setting of |W4l Prop. 2.2 (a)], the term 
M<_2 also behaves functorially in M. This should not be expected to hold 
for the term M<_i from Corollary 14.71 (a). 

The following observation will turn out to be useful (see the proof of 
Corollary ini. 

Corollary 4.9. Let M G DATw>^i fl DATuj<o- Then the adjunction 
morphism M GroM admits a right inverse and a kernel (in the category 
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DAT). The latter is pure of weight —1. Any choice of right inverse induces 
an isomorphism 

M_i © Gro M = M 
between M and the direct sum o/M_i G D^T^=_i and ofGioM. 

Proof. Either look at the proof of Corollary 14.71 (a). Or use its state- 
ment: indeed, the adjunction morphism can be extended to a weight filtration 

M_i — > M — ^ Gro M ^ M_i[l] 

of M, with some M_i G DATyj=^i. Since Gro is left adjoint to t_, and 
M_i[l] G DATy^=o, the morphism a is necessarily zero. Therefore, the weight 
filtration splits. q.e.d. 

Of course, the object M_i occurring in Corollary 14.91 is just the shift by 
-1 of Gro applied to M[l] G DAT^>o- 

Definition 4.10 ((WU Def. 1.10]). Let a </? be two integers, and D 
one of the categories DAT or DMgm{k) p. An object M of D is said to be 
without weights a, . . . , P if there is an exact triangle 

M<,_i ^ M ^ M>^+i M<,_i[l] 

in D, with M<a-i G Dy,<a-i and M>/3+i G L'^>/3+i. 

For the sequel, it will be important to know that the property of being 
without weights is stable under extensions. Recall that L is said to 

be an extension of M by if there is an exact triangle 

K — > L — > M — > K[l] . 

Proposition 4.11. Let 

K — >L — > M — > K[l\ 

he an exact triangle in DAT or in DMgm{k)p. Assume that K and M are 
both without weights a, . . . , (3. Then L is without weights a, . . . , (3. 

Proof. According to the context, write D for the category DAT resp. 
DMgm{k) p we are working in. Let 

and 

M<,„i — ^ M ^ M>^+i M<,_i[l] 
be exact triangles in D, with 

K<a-1 , M<.a-i G Dw<a—1 

and 
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By orthogonality SH] (3), there are no non-zero morphisms from M<q,_i[— 1] 
to K>/^^i. By |LeH Lemma 1.1] (with f : Zi ^ Z2 equal to the morpliism 
M[— 1] —>■ K), this implies the existence of exact triangles 

M>p+i[-l\ K>p+i L" M>^+i , 

and 

V — >L" — > L'\l] . 

The first of these triangles shows that L' G Dyj<a-i- The second shows that 
L" e D 

w>(3+i- Therefore, the third shows that L is indeed without weights 
«,...,/?. q.e.d. 

Remark 4.12. As the proof shows, Proposition 14. 1 ll remains true in the 
general context of weight structures on triangulated categories. 



5 The case of an algebraic base field: the t- 
structure 

In this section, we assume k to be algebraic over the field Q of rational num- 
bers. We first show that the data from Definition 13. Ill define a t-structure on 
the triangulated category DAT (Theorem 15.11) . This provides a generaliza- 
tion of the main result from [Lelj (which concerns the case of Tate motives). 
Our strategy of proof is identical to the one from [loc. cit.]. We then proceed 
(Theorem 15. 8p to give a characterization of the weight structure on DAT in 
terms of this t-structure. For a number field k, Theorem 15.81 implies that the 
weight structure can be identified via the Hodge theoretic or £-adic realiza- 
tion (Corollary 15.101) . 

Theorem 5.1. The pair {DAT^°, DAT^°) from Definition{Ml\ is a t- 
structure on DAT . It has the following properties. 

(a) The t-structure is non- degenerate. 

(h) Its heart AT is generated (as a full Abelian sub-category of DAT stable 
under extensions) by the objects N{m), for N E A and m E Tj. 

(c) Each object M of AT has a canonical weight filtration by sub-objects 
C . . . C Wn-iM C WnM C . . . C M . 
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This filtration is functorial and exact in M. It is uniquely characterized 
by the properties of being finite (i.e., PV„M = for n very small and 
WnM = M for n very large), and of admitting sub-quotients 

gr„M := WnM/Wn-iM , neZ 

of the form Nn{—n/2), for some Nn G A. 

(d) The functor 

0gr2^(m) : AT Qi^A, M ^ {{gi^^M){m)) ^ 

is a faithful exact tensor functor to the Z-graded category over A. It 
thus identifies AT with a tensor sub-category of Gi^ A. 

(e) The natural maps 

Ext^^ (Ml , M2) YLomo AT [M^^M^ [p] ) 

(I5xt^ = Yoneda Ext-group of p-extensions) are isomorphisms, for all 
p, and all Mi, M2 G AT. Both sides are zero for p > 2. In particular, 
the Abelian category AT is of cohomological dimension one. 

We thus get in particular the existence of two generating Abehan sub- 
categories, namely AT and DAT^=q, of the same triangulated category 
DAT. The first of these is of cohomological dimension one, and the se- 
cond is semi-simple. In addition (Theorems 15.11 (d) and 14.51 (c)), the first is 
abstractly tensor equivalent to a tensor sub-category of the second. 

Theorem 15.11 is the special case (a, b) = (—00, 00) of the following. 

Variant 5.2 (cmp. jLell Thm. 1.4, Cor. 4.3]). Fix a < b. Then the 
pair (D^Tj^°j, _D^Tj^°j) is a t-structure on DAT^a^t,]. It has the following 
properties. 

(a) The t-structure is non-degenerate. 

(b) Its heart AT[a,b] is generated (as a full Abelian sub-category of DATya,b] 
(or of DMgm{k) p) stable under extensions) by the objects N{—n/2), 
for N & A and a < n < b. 

(c) Each object M of AT[a,b] has a canonical weight filtration by sub-objects 

= Wa-iM C WaM C . . . C Wb-iM C WbM = M . 

This filtration is functorial and exact in M. It is uniquely characterized 
by the property of admitting sub-quotients 

WnM/Wn-lM , n G Z 
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of the form Nn{—n/2), for some € A. For all n & Z, we have 

WnM/Wn-iM = gr^M 
as objects of the heart ATn of DATn- 

(d) The functor 

mS:Z,a<2m<b 

is a faithful exact tensor functor. 

(e) The natural maps 

Ext^y^^ (Ml, M2) Hom(Mi, M^lp]) 

(Horn = morphisms in DAT[a,b] (or in DMgm{k) p)) are isomorphisms, 
for all p, and all Mi, M2 G AT\^a,b]- Both sides are zero for p > 2. In 
particular, the Abelian category AT[a,b] is of cohomological dimension 
one. 

(f) For a' < a and b < b' , the inclusion of DATya,b] into DATya',b'] a full 
triangulated sub-category is compatible with the t-structures. That is, 
the t-structure on DAT^^^fi] is induced by the t-structure on DAT\^ai,b']- 

Proof. The decisive ingredient is the following generalization of the 
vanishing from |Lell Thm. 1.4]: 

HomD^T[„,,j(iVi(mi),Ar2(m2)[s]) = , Vmi < m2 , N^, N2 e A , s < Q . 

It holds because Homz)^T[„,i,] = HomoMg^ifc)^, and HomoMg^cOF satisfies de- 
scent for finite extensions L/k oi the base field. Choosing an extension L 
splitting both A'^i and N2 therefore allows to deduce the desired vanishing 
from the Beilinson-Soule vanishing conjecture 

HomoM,™(L)^,(Z("^l),Z("^2)[s]) , 

which by the work of Borel is known for all number fields, hence also for 
direct limits L of such. 

We now faithfully imitate the proof of |Lell Thm. 1.4], to get assertions 
(a), (b), and (d). We also get the following: the filtration W.M induced 
by the grading gr, M is functorial. By construction, the sub-quotient gr^ M 
lies in ATn- Its unicity follows from the fact that there are no non-zero 
morphisms from objects of AT of weights at most r to objects of weights at 
least r + 1. To prove this, use induction on the length of weight filtrations, 
and the vanishing 

Y{omDAT{Ni{mi)[r],N2{m2)[s\) = , Vmi > m2 , Ni, N2 e A , r, s e Z 
(see the proof of Proposition 13.91) . We thus get part (c) of our claim. 



e -4 

mS:Z,a<2m<b 
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Part (f ) follows from the definition of our t-structure, and from the com- 
patibility of the functors gr^ under the inclusion of DAJja^b] into DATi^a',b']- 
As for claim (e), we faithfully imitate the proof of [Lelj Cor. 4.3]. q.e.d. 

The following result will not be needed on the sequel; we mention it for 
the sake of completeness. 

Corollary 5.3. The identity on AT extends canonically to an equivalence 
of triangulated categories 

D\AT) — > DAT 

between the hounded derived category of AT and DAT . Its composition with 
the cohomology functor DAT —>■ AT associated to the t-structure of Theo- 
rem \5.1\ equals the canonical cohomology functor on D'^[AT). 

Proof. Recall the definition of the category ShvNis{SrriCor{k)) of Nis- 
nevich sheaves with transfers \V1\ Def. 3.1.1]. It is Abelian |Vll Thm. 3.1.4], 
and there is a canonical full triangulated embedding 

DMfJ{k) ^ D-{Shvms{SmCor{k))) 

into the derived category of complexes of Nisnevich sheaves bounded from 
above \V1\ Thm. 3.2.6, p. 205]. Imitating the construction from [loc. cit.] 
using F instead of Z as ring of coefficients, one shows that there is a canonical 
full triangulated embedding 

DMfJ^k)^ ^ D-{Shvms{SmCorik))p) , 

where ShvNis{SmCor{k))p denotes the Abelian category of Nisnevich sheaves 
with transfers taking values in F-modules. We thus get a canonical em- 
bedding into D(^ShvNis{SmCor{k))p) of any full triangulated category C of 
DMgll (k) p, and hence in particular for C = DAT. Our claim thus follows 
from [W5, Thm. 1.1 (a), (d)]: indeed, Homi5^r(Mi, Msp]) = for any two 
objects Mi,M2 in AT (Theorem 15.11 (e)), and AT generates DAT (Theo- 
rem 15.11 (b)). q.e.d. 

We already mentioned the special cases A = triv and A = MA{k)F- A 
third case appears worthwhile mentioning; in fact, it is this case that will be 
of interest to us in later sections. 

Definition 5.4. (a) Define the category MD{k)F as the full Abelian F- 
linear sub-category of MA{k)F of objects on which the Galois group acts via 
a commutative (finite) quotient. 

(b) Define the triangulated category of Dirichlet-Tate motives over k as the 
strict full tensor triangulated sub-category DMDT{k)F of DMgm{k) p gener- 
ated by MD{k)F and DMT{k)p. 

Similarly, for any algebraic extension K of k, we could define the trian- 
gulated category of Artin-Tate (resp. Dirichlet-Tate, resp...) motives over k 
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trivializable over K by letting A equal the full Abelian F-linear sub-category 
MA{K/k)F (resp. MD{K/k)F, resp...) of MA{k)F (resp. MD{k)F, resp...) 
of objects on which the absolute Galois group of K, when identified with a 
subgroup of the Galois group of k, acts trivially. 

Corollary 5.5. The conclusions of Theorem \5.1[ Variant and Corol- 
lary \5.3\ hold in particular in any of the following three cases. 

(1) A = triv. In particular, this gives back the main result of ILelf . The 
heart AT equals the Abelian category MT{k)F of mixed Tate motives. 

(2) A = MD{k)F- In this case, the category DAT equals the triangulated 
category DMDT{k)F of Dirichlet-Tate motives. Its heart AT equals 
the Abelian category MDT{k)F of mixed Dirichlet-Tate motives. 

(3) A = MA{k)F. In this case, the category DAT equals the triangulated 
category DMAT{k)F of Artin-Tate motives. Its heart AT equals the 
Abelian category MAT{k)F of mixed Artin-Tate motives. 

Remark 5.6. (a) An equivalent construction of the category MAT{k)F, 
for F = Q , is given in [DSl Sect. 2.17]. 

(b) Note that by construction, an inclusion A G B of strict full Abelian semi- 
simple F-linear tensor sub-categories of MA{k)F containing triv induces first 
a strict full tensor triangulated embedding DAT C DBT, and then a strict 
full exact tensor embedding AT C BT. An object of DBT belongs to DAT 
if and only if its cohomology objects (with respect to the t-structure from 
Theorem 15.11) lie in AT. The equivalences of Corollary 15.31 for A and B fit 
into a commutative diagram 

D\AT) DAT 

I r 

D\BT)^^DBT 

In particular, the bounded derived category D^{AT) is canonically identified 
with a full sub-category of the bounded derived category D^{BT). 

For later use, let us introduce some terminology. 

Definition 5.7. Let M be a mixed Artin-Tate motive, with weight fil- 
tration 

C . . . C Wr-lM C WrM C ...CM . 
Let m be an integer. 

(a) We say that M is of weights < m if WmM = M. 

(b) We say that M is of weights > m if Wm-iM = 0. 

(c) We say that M is pure of weight m if it is both of weights < m and of 
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weights > m, i.e., if Wm-iM = and Wm = M. 

(d) We say that M is without weight m if Wm-iM = WmM, i.e., if the 
sub-quotient WmM/Wm-iM is trivial 

Of course, any mixed Artin-Tate motive is without weight m, whenever 
m is odd. Denote by 

the truncation functors, and by 

7^" : DAT — > AT 

the cohomology functors associated to the t-structure from Theorem 15. 1[ 
Here is the main result of this section. 

Theorem 5.8. Let K e DAT, and a< (3. 

(a) K lies in the heart DAT^=q of w if and only if the object H^K of AT is 
pure of weight n, for all n eIj. 

(h) K lies in DATu,<a if o-nd only if Ti^K is of weights < n + a, for all 

(c) K lies in DATyj>p if and only if TC"^K is of weights > n + [3, for all 
n G Z. 

(d) K is without weights a,...,f3 if and only if IHJ^K is without weights 
n + a, . . . , n + /3, for all n G Z. 

Proof. Observe that the triangulated category DAT is generated by 
the heart DATyj=Q of w (Theorem 14.51 (b)) as well as by the heart AT of t 
(Theorem 15. II (a)). This will allow to simplify the proof. 

The explicit description of objects K of DATu,=o from Theorem 14.51 (b) 
shows that the Ti^K are indeed pure of weight n, for all n (see Theo- 
rem [SH] (c)). To show that any K whose cohomology objects Ti^K are pure 
of weight n, does belong to DATw=o, we may assume by the above that K is 
concentrated in one degree (with respect to the t-structure), say K = M[d] 
for some M G AT and d G Z. By assumption, the mixed Artin-Tate motive 
M is pure of weight —d, and hence (Theorem EH] (c)) of the form N{d/2), for 
some Artin motive N belonging to A. The latter is clearly a Chow motive, 
and hence so is its tensor product with the Chow motive Z((i/2)[(i]. There- 
fore, i^' is a Chow motive belonging to DAT. By Theorem 14. 5^ it is in the 
heart DAT^^^q. This shows part (a). 

We leave it to the reader to deduce (b) and (c) from (a). 

As for part (d), it is easy to see that the cohomology Ti^K of an object 
K G DAT without weights a, ...,/? is without weights n + a, . . . ,n + (3, for 
all n (use (b) resp. (c) for the constituents of a suitable weight filtration of 
K). To prove the inverse implication, we use induction on the number of 
integers n such that Ti^^K ^ 0. If this number equals one, then K = M[d] 
for some M G AT and c? G Z. By assumption, the mixed Artin-Tate motive 
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M is without weights —d + a, . . . , —d + [3. By Definition 15.71 (d), its weight 
filtration thus satisfies the relation 

iy_,+,_iM = iy_d+aM = . . . = W_d+pM . 

The sequence 

— > W^d+o.-iM — ^ M — ^ M/W.d+pM — > 
is therefore exact in AT. It gives rise to an exact triangle 

[W^d+a^rM) [d]^K^ [M/W.d+pM) [d] [W^^+a-iM] [d + 1] 
in DAT . By parts (b) and (c), 

{W-d+a-iM){d]eDAT^ 

and 

{M/W.d+pM)[d] G DAT^>p+^ . 

Therefore, the object K is indeed without weights a, . . . , f3. 

By Proposition 14.11^ the property of being without weights a, . . . ,P is 
stable under extensions in DAT. This allows to perform the induction step. 

q.e.d. 

To conclude this section, let us now consider realizations ( |Hul Sect. 2.3 
and Corrigendum]; see |DGl Sect. 1.5] for a simplification of this approach). 
We assume from now on that A; is a number field, and concentrate on two re- 
alizations (the statement from Corollary 15 . 1 1 b elow then formally generalizes 
to any of the other realizations "with weights" considered in [Huj ) : 

(i) the Hodge theoretic realization 

: DMg^{k)p D 

associated to a fixed embedding a of the number field k into the field C 
of complex numbers. Here, D is the bounded derived category of mixed 
graded-polarizable Q- Hodge structures |Be2i Def. 3.9, Lemma 3.11], 
tensored with F, 

(ii) the £-adic realization 

R, : DMg^{k)p D 

for a prime ^. Here, D is the bounded "derived category" of con- 
structible Q^-sheaves on Spec [Ej Sect. 6], tensored with F. 

Choose and fix one of these two, denote it by R, recall that it is a con- 
travariant tensor functor, and use the same letter for its restriction to the 
sub-category DAT of DMgm{k) p. The category DAT is equipped with a 
t-structure. The same is true for D ; write for the cohomology functors. 
It is easy to see that R is t-exact (since it maps AT to the heart of D). In 
particular, it induces an exact contravariant functor Rq from the heart AT 
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of DAT to the heart of D, which we shall denote by B. As for the weight 
structure on DAT, note that Rq maps the pure Tate motive Z(m) to the pure 
Hodge structure Q(— m) (when R = R„) and to the pure Q^-sheaf Q^(— m) 
(when R = Ri), respectively |Hut Thm. 2.3.3]. 

Proposition 5.9. Assume k to be a number field. 

(a) The realization 

R : DAT — > D 

is conservative. In other words, an object K of DAT is zero if and only if 
its image R{K) under R is. 

(b) The induced functor 

Ro-.AT — >B 

is conservative. 

(c) The functor Rq respects and detects weights up to inversion of the sign. 
More precisely, an object M of AT is pure of weight n if and only if Rq[M) 
is pure of weight —n. 

Note that there is a notion of purity and mixedness for objects of B. 

Proof of Proposition \5.9{ . Let K G DAT. Given the t-exactness and 
contravariance of R, we have the formula 

H''R{K) = i?o(^""^) 

for all n. By Theorem 15.11 (a), the t-structure on DAT is non-degenerate. 
Hence (b) implies (a). 

Recall that by Theorem 15.11 (c), there is a unique finite weight filtration 
on any object of AT. Also, the functor Rq is exact. Hence (b) is implied by 
conservativity of the restriction of Rq to the sub-category of objects of AT, 
which are pure of some weight. But this property is clearly implied by (c) 
(since the zero object of B is pure of any weight). 

Let M G AT. As before, we may assume that M is pure of some weight, 
say n. Again by Theorem 15. II (c). M is of the form N{—n/2), for some Artin- 
Tate motive N. Thus, Rq{M) = RQ{N){n/2) is pure of weight —n. It is zero 
if and only if Ro{N) is, which is the case if and only if is. q.e.d. 

Corollary 5.10. Assume k to be a number field. Then the realization R 
respects and detects the weight structure. More precisely, let K G DAT , and 
a<(3. 

(a) K lies in the heart DAT^^q of w if and only if the n-th cohomology object 
H^R{K) G B of R{K) is pure of weight n, for all n G Z. 

(h) K lies in DATu,<a if and only if H'^R{K) is of weights > n — a, for all 
n G Z. 

(c) K lies in DATw>/3 if and only if H'^R{K) is of weights <n — [3, for all 
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(d) K is without weights a, . . . , P if and only if H"-R{K) is without weights 
n — (3, . . . ,n — a, for all n E 1^. 

Proof Recall that Hm{K) = Rq {n~''K) . The claim thus follows from 
Theorem 15.81 and Proposition 15. 9[ q.e.d. 

Remark 5.11. As the proof shows, the analogues of parts (a) and (b) of 
Proposition 15.91 continue to hold for any of the realizations (including those 
"without weights") considered in |Hu] . This is true in particular for 

(iii) the Betti realization, i.e., the composition of the Hodge theoretic real- 
ization with the forgetful functor to the bounded derived category 
of F-modules of finite type, 

(iv) the topological £-adic realization, i.e., the composition of the £-adic re- 
alization Ri with the forgetful functor to the bounded derived category 
of F Qrmodules of finite type pEj, Thm. 7.2 i)]. 

Remark 5.12. (a) For the Hodge theoretic realization 

R = R^: DMgm{k)p D 

{D = the bounded derived category of mixed graded-polarizable Q-Hodge 
structures, tensored with F), it is possible to give a more conceptual inter- 
pretation of respect of the weight structure. In fact, there is a canonical 
weight structure wsj on D, characterized by the property of admitting as 
heart the full sub-category /C of classes of complexes K of Hodge structures, 
whose n-th cohomology object H"R{K) is pure of weight n, for all n G Z. In 
order to prove this claim, apply [Bot Thm. 4.3.2 II 1 and 2], observing that 
(1) /C generates the triangulated category D, (2) K. is negative: 

Hom^(Mi,M2[i]) = 

for any two objects Mi, M2 of /C, and any integer i > (it is here that the 
polarizability assumption enters), and (3) any retract of an object of /C in Z) 
belongs already to /C. 

To say that R : DMgmik) ^ D respects the weight structure means then 
that R respects the pairs of sub-categories {DMgm{k) p^^^, DMgm{k) p^^^^) 
and (D^<o,-D^>o): 

R{DMg„,{k)F,^<o) C D^>o , R{DMgUk)F,^>o) C D^<o 

(recall that R is contravariant). Given that DMgm{k)p is generated by its 
heart, this requirement is equivalent to saying that R respects the hearts, 
i.e., that it maps CHM{k)p to /C — which is a true statement, since the 
Hodge structure on the n-th Betti cohomology of a proper smooth variety is 
indeed pure of weight n, for all G Z. This observation implies immediately 
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the "only if" part of the statements of Corollary 15.101 
(b) By contrast, for the £-adic realization 

R = Rr. DMg^{k)p D 

{D = the bounded "derived category" of constructible Q^-sheaves on Spec k, 
tensored with F) , there is no such interpretation, since there is no reasonable 
weight structure on D. Indeed, according to [J], Rem. 6.8.4 i)], for any odd 
integer m G Z, 

HomB(Q,(0),Q,(m)[l]) ^0. 

This is true in particular when m is negative, i.e., Q£(m)[l] is pure of strictly 
positive weight —2m + 1. Therefore, orthogonality 14 1 1 (3) is violated. 

6 A criterion on the existence of the interior 
motive 

From now on, our base field k is assumed to be a number field. Our results 
on Artin-Tate motives imply a criterion (Theorem 16. 2p on the absence of 
certain weights in the boundary motive. It allows to identify sufficient condi- 
tions (Corollaries 16.31 and 16. 4p for |W4t Assumption 4.2] to hold. The results 
of [loc. cit.] can therefore be applied. In particular, it is then possible to 
construct the interior motive. 

Fix X G Sm/k, and consider the exact triangle 

in DMgll [k). Recall from |W4t Def. 4.1 (a)] that c(X, X) contains a canoni- 
cal sub-algebra ci^2{.X,X) (of "bi-finite correspondences") acting on (*). De- 
note by Ci^2(-^) AT) the quotient of Ci^2(-^) X) by the kernel of this action. Fix 
a finite direct product F of fields of characteristic zero, and an idempotent 
e in ci,2(X,X) ®z F. Denote by Mg^{XY, M^mi^Y and dMg^{XY the 
images of e on Mgm{.X)^ M^^(X) and dMgra{X), respectively, considered as 
objects of the category DM^H (k) p. Recall the following assumption. 

Assumption 6.1 ([WU Asp. 4.2]). The object dMgm{XY is without 
weights —1 and 0. 

In order to apply the results from |W4t Sect. 4], one needs to verify 
Assumption 16. 1[ 

Theorem 6.2. Let a < (3 he two integers, and R one of the two real- 
izations considered in Section^ (Hodge theoretic or i-adic). Assume that 
dMgm{XY is a successive extension of objects M of DM^H {k) each satis- 
fying one of the following properties. 
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(i) M is without weights a, ... ,(3. 

(a) M lies in the triangulated sub- category DMAT{k)F of DMgm{k)p of 
Artin-Tate motives over k, and the cohomology object H^R{K) of its 
image R{M) under R is without weights n — P, . . . ,n — a, for alln G Z. 

Then dMgm{XY is without weights «,...,/?. 

Proof. Apply Proposition 14.111 and Corollary 15. lUl (d). q.e.d. 

Corollary 6.3. // the hypotheses of Theorem \ 6.2\ are met with a < —1 
and P >0, then Assumption \6.1\ holds. 

As far as the remaining part of this article is concerned, we shall be dealing 
with a situation in which the whole of dMgm{XY satisfies property (ii) from 
Theorem 16. 2[ It will be worthwile to spell out that property. 

Corollary 6.4. The conclusion of Theorem \6.S\ holds in particular if 
dMgm{XY lies in DMAT{k)F, and if the e-part of the boundary cohomology 
ofX 

(ai7"(X(C),Q) (S)Q FY 

(in the Hodge theoretic setting) resp. 

{dH^{X-„Q,) ®Q FY 

(in the i-adic setting) is without weights n — (3, . . . ,n — a, for all ri G Z. // 
this latter condition is fulfilled with a < — 1 and P >0, then Assumption \6.1\ 
holds. 

Recall that boundary cohomology of X is defined via a compactification 
j : X X: writing i : dX X for the complementary immersion, one 
defines as cohomology of dX with coefficients in i*Rj^,{»). Thanks 

to proper base change, this definition is independent of the choice of j, as is 
the long exact cohomology sequence 

. . . ^ i7"(x(c), q)®qF aij"(x(c), q)®qF 

H:+\X{C), Q) ®q F ^ /f"+i(X(C), Q) ®Q F ^ . . . 
(in the Hodge theoretic setting) resp. 

. . . Q,) ®qF^ dH^iX-,, Q,) ®qF-^ 

(in the £-adic setting). 

Note also that the algebra ci^2{X,X) acts contravariantly on the boun- 
dary cohomology 9if"(X(C), Q) resp. dH'^iXj,, Qi). 

Corollary 16.41 results from Theorem 16.21 and the following. 
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Proposition 6.5. Fix X G Sm/k, a Q-algebra F, and e as before. Then 
Rm{dMg^{XY) IS isomorphic to (ai/"(X(C), Q) ®q F)" (m the Hodge 
theoretic setting) resp. (c}if"(X^, Q^) ®q FY (in the £-adic setting), for all 
n. 

Proof. It suffices to show that the image under R of the canonical 
morphism 

i : M,UX) — M;^(X) 

can be Ci 2(^5 X)-equivariantIy identified with the canonical morphism 

RT^{X) — > RT{X) 

in the target D of i? of classes of complexes RTciX) and Rr{X) computing 
cohomology with resp. without support. Indeed, the exact triangle (*) will 
then show that the e-part dMgm{XY of the boundary motive is mapped to 
a cone of RTclXy — * Rr{Xy. It will therefore be isomorphic to the class of 
a complex computing the e-part of boundary cohomology. 

We may assume that X is of pure dimension d. First note that for any 
fixed smooth compactification j : X ^ X, the morphism t is the composition 
of the canonical morphism 

of the inverse of the duality isomorphism, 

Mg^{X) ^Mg^{Xy{d)[2d] 

jvn Thm. 4.3.7 3], of the dual of MgmU), 

MgUjnd)[2d] : Mg^{Xy{d)[2d] — > M,^(X)*(d)[2d] , 
and of the duality isomorphism 

MgUXnd)[2d] ^ M^g^iX) 

I VI I Thm. 4.3.7 3]. Now recall that R is compatible with the tensor structures 
|Hul Cor. 2.3.5, Cor. 2.3.4], and sends the Tate motive Z(l) to Q(— 1) resp. 
Q£(— 1). It follows that R is compatible with duality. Furthermore, R sends 
Mgmif) to /* : RT{Z) RTiY), for any morphism / : F ^ Z of smooth 
fc-schemes |DGt pp. 6-7]. Thus, R sends t to the composition of the duality 
isomorphism 

RT,{X) RT{Xy{-d)[-2d] , 
the dual of j*, the inverse of the duality isomorphism, 

Rr{xy{-d)[-2d] -^i?r(x) , 

and j*. But this composition equals the canonical morphism 

RT^{X) — > RT{X) . 
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It remains to show that the above identification is compatible with the action 
of Ci^2{X,^)- Let 3 be a cycle on X X belonging to ci^2{^,X), and 
denote by *3 its transpose. Both 3 and *3 are finite over both components 
of X X X. This is true in particular for the first component. Therefore, both 
induce endomorphisms of Mgm{X). Similarly, they induce endomorphisms 
of Mg^{X). Now the definition of the duality isomorphism 

\V1[ proof of Thm. 4.3.7 3] implies that under this isomorphism, the en- 
domorphism 3 of M^^(X) corresponds to the endomorphism *3*(c?)[2(i] of 
Mgm{Xy{d)[2d]. We thus identify the commutative diagram 

M,„(X)^M^-„(X) 

with 

MgUX)^MgUXy{d)[2d] 

Mgm{X)^MgUXy{d)[2d] 

By [DUl pp. 6-7], R sends 2) to 2)* : RT{W) RT{V), for any finite 
correspondence 2) on the product V Xg^W of two smooth /c-schemes. It 
follows that R sends the latter commutative diagram to the commutative 
diagram 

RT{X)^ RT{Xy{-d)[-2d] 

3*f \eyn-d)i-2d] 
Rr{x)^ — Rr{xy{~d)[-2d] 

Now the endomorphism (*3*)*(— 2(i] of RT{Xy{—d)[—2d] corresponds 
to the endomorphism 3* of RTciX). But this means precisely that our 
identification of the image under R of Mgm{X) M|^(X) with the canonical 
morphism RTc{X) RT{X) is ci,2(-^, -^)-equivariant. q.e.d. 

Remark 6.6. In the Hodge theoretic setting, the isomorphism of mixed 
Hodge structures 

H-R{dMgm{X)) = {dH^{X{C),Q) 

from Proposition 16.51 implies an isomorphism of F-modules. For quasi- 
projective X, this latter statement should be compared to [Ayl Lemme 3.11]. 

Remark 6.7. (a) Consider the situation from Section [T], that is, fix a 
base scheme 5* G Sm/k. When X lies not only in Sm/k, but in PropSm/ S , 
then Theorem 11.21 provides another source of endomorphisms of the exact 
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triangle (*), namely the relative Chow group CH^(X x 5 X) (assuming X to 
be of pure relative dimension g over S). In this setting, the algebra Ci 2(-^, X) 
could be replaced by CH^(X x^X), and the results from this section, as well 
as those from |W4[ Sect. 4] formally carry over. 

(b) In the sequel, we shall keep the appraoch via ci^2{X,X), because the 
endomorphisms "of Hecke type" to be considered will not in general come 
from CH^(X Xg X) (Example 11.161 (b)), but still lie in the centralizer (in 
ci^2{X,X)) of the idempotents we shall be interested in (see Corollary 17.81) . 
We shall consider the subgroup 

CH^(X xs X)i,2 C CHf (X xs X) 

defined as the image of the canonical map 

cs(X,X)nci,2(X,X) ^CH^(XxsX) . 

By Corollary II. 12[ the map 

cs(X, X) n Ci,2(X, X) ci,2(X, X) 

factors through CH^(Xx5X)i^2- In particular, a class in CB.^{XxsX)i^2®i,F 
yields an element in ci 2(X, X) ®iF, and the latter is idempotent if the class 
in CH^'(X XsX)i,2 is. 



7 Statement of the main results 

In order to state our main results (Theorems 17.51 17.61) . let us introduce the 
geometrical situation we are going to consider from now on. The base k is 
the field Q of rational numbers, X is the r-th power of the universal Abelian 
scheme over a Hilbert-Blumenthal variety of dimension and e is associated 
to modular forms of weight (ri + 2, . . . , + 2), for ri + . . . + rg = r (see below 
for the precise definition). Theorems 17.51 and 17.61 imply in particular that in 
this context. Assumption 16. II is satisfied as soon as r > 1: indeed, dMgm{X) 
lies in DMAT{Q)q, and the e-part of the n-th boundary cohomology group 
of X is without weights n — {r — 1), . . . ,n + r, for all n G Z. We then list 
the main consequences of this result (Corollaries 17.71 17.81 17.91 17.13^ 17.141) . 
applying the theory developed in \W4\ Sect. 4]. The proofs of Theorems 17 51 
and 17.61 will be given in Section [8], where we shall also establish more precise 
statements on the nature of dMgm{A'^Y (Theorem 18.61 Corollary 18. 7p . which 
will however not be needed in the present article. 

Fix a totally real number field L of degree g. Let II denote the set of real 
embeddings of L. Denote by Res^^/Q the Weil restriction from schemes over 
L to schemes over Q . The functor Res^^/Q is right adjoint to the base change 
Z \—>- Zl := Z Xq L. Hence we have in particular a functorial adjunction 
morphism Z —>■ Res^^/Q Zl for any scheme Z over Q . For any scheme Y over 
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L, and any subfield F of C containing the images cr(L) for all a G Jl, there 
is a canonical isomorphism 

(Resi/Q F) Xq F JJ r Xi,, F 
induced by the isomorphism 

for any F-algebra i?. The composition of the adjunction (base changed by 
F) and this isomorphism is simply the diagonal 

XxqF— > JJ XxqF. 
By functoriality, the determinant induces a morphism of group schemes over 

Q 

det : ResL/Q GL2,l — ^ ResL/o r . 



Definition 7.1 ( [Ra^ Sect. 1.27]). The group scheme G over Q is defined 
as the fibre product 

G := Qm XRes^/QG„,i,det ReSi^/Q GL2,L • 

In particular, we have 

G(Q) = {M e GL2(L) , det(M) G Q* C L*} . 
Under the above isomorphism 

(Resi/Q GL2,l) XqR ^ JJ GL2,m , 

o-e/L 

we can identify 

G'(M) ^ UM,)aei, e n GL2(M) , det(M,) = det(M^) Va, G h 

In particular, we see that G(M) has two connected components, according 
to the sign of the determinant. Under these identifications, the inclusion of 
G(Q) into G(M) maps M G GL2(L) to the ^-tuple 

{a{M)Uj^ G n GL2(M) . 

Definition 7.2. (a) The analytic space 7i is defined as 
T-i := I {Ta)aeiL ^ Yii'C-'^)^ sign(imr<^) = sign(imr^) Vcr, r] e Il> ■ 
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(b) The action of G(]R) on Ti is given by the usual componentwise action of 
GL2(M) on C — M, and the above identification of G'(R) with a subgroup of 

Given that the action of GL2(M) on C — M is transitive and trivial on 
Gm(M) C GL2(M), it is easy to see that G(M) acts transitively on Ti. Observe 
that this action is by analytical automorphisms. In fact, {G^Ti) are pure 
Shimura data [PL, Def. 2.1]. Their reflex field ^Pi4 Sect. 11.1] equals Q. The 
center Z{G) of G equals 

hence its neutral connected component is isogeneous to G^. In particular, 
the Shimura data {G,H) satisfy condition (+) from \W3\ Sect. 5]. 

Let us now fix additional data: (A) an open compact subgroup K of 
G{Af) which is neat [Pll Sect. 0.6], (B) a subfield F of C containing the 
images of all embeddings cr G II, (C) an integer r > 0, together with a 
partition 

- ■ ^ ~ 

with g integers r^j > 0. Equivalently, we may see r = r^- ■ a as an element 
of the free Abelian group on 7^. 

These data (A)-(C) are used as follows (cmp. [Kll Sect. 2.2, 2.3] for the 
case g = 2). The Shimura variety S := S^{G, Ti) is an object of Sm/Q. This 
is the Hilbert-Blumenthal variety of level K associated to L. It is of dimension 
g, and admits an interpretation as modular space of Abelian varieties of 
dimension g with additional structures, among which a real multiplication 
by a sub-algebra of L which is of rank g over Z, hence of finite index in 
the ring of integers Ol (and which depends on K). In particular, there is a 
universal family A of Abelian varieties over S. Thus, the absolute dimension 
of A over Q is 2g, it is an object of Sm/Q , and thanks to the modular 
interpretation there is a canonical ring monomorphism 

L Ends (A) ®z Q 

from L to the endomorphisms of A over 5*, tensored with Q. The decompo- 
sition of the relative motive 

h{A/S) = ^h,{A/S) 

i 

from Theorem 12.11 being functorial, there is a map 

EndsiA) ®z Q — ^ EndcHMis){h^{A/S)) ®z Q 
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for all < i < 2g. For i = 1, this map is an isomorphism of Q- vector spaces 
\Ki\ Prop. 2.2.1]. Hence, we get a ring monomorphism 

L ^ EndcHMis){hi{A/S)) ®z Q • 

Its tensor product with F gives 

L^qF^ — > EndcHMis) {hi{A/S)) Oz F . 

The field F containing the images of all a G J^, we get canonically 

(ail) ■ f), . 

In particular, there are canonical idempotents Ca in L F, indexed by II'- 
by definition, is the projection to the copy of F corresponding to a. Let 
us use the same symbol for its image in 

^ndcHM(s) {hM/S)) ®zFc CW{A XsA)0^F. 
From our construction, the relation 

(A) = 5^e^GOT(Ax5A) ®^F 

is obvious. It induces a decomposition 

h{A/S) = ^h{A/Sr 

in CHM{S)f, where hi{A/SY'' denotes the image of the projector on 
hi{A/S). 

Let us now use the partition r = ^^r^^ ■ a E 

Definition 7.3. Define the relative Chow motive -V G CHM{S)f as 



-V:=Q9Sym^'^ hiA/Sy^ . 

The tensor product is in CHM{S)f, and the symmetric powers are 
formed with the usual convention concerning the (twist of) the natural action 
of the symmetric group on a power of A over S (see e.g. [Kii p. 72]). Thus, 
-V is a direct factor of the relative motive h{A'^/S), where A^ denotes the 
r-fold fibre product of A over S. That is, it is associated to an idempotent 

eOT^(A'•x5v4^)®zi^■ 
Recall (Remark 16.71 (b)) that CH^^IA^ Xg A'")i_2 is defined as the image of 

cs(A^ A"-) n Cl,2(A^ A') — > CR^'^iA' xsA"-) . 

Lemma 7.4. The idempotent Cr lies in 

CR'^^iA' xs A'-) 1,2 (S)zFc CW'^iA' XsA'')(g)zF . 
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Proof. We already know from the formula in Proposition 12.41 that 



J- n — 



is a pre-image of pA,i in cs{A^ A) ®z Q , for any n 7^ — 1, 0, 1. It visibly lies 
in the intersection (cs{A% A'') n ci,2(A'', A^)) ®z Q • 

Similarly, is seen to be the image of the composition of T^A,i,n and 



n 



r«(o - r{l) 

a{l)-T{l) 



for any / generating L over Q, and such that a{l) is a genuine endomorphism 
of A. The graph r„(;) is a cycle m. A^s A which maps isomorphically to 
the first component of A A. Over the second component, it is necessarily 
finite: indeed, the element / is invertible in L, hence a{l) in invertible in 
End5(yl) (g)^ Q. Altogether, this proves that e„ G CW{A Xs A)®iF comes 
from 

The same is then true for the external product of the corresponding to 
the direct factor 

oih{A-/S). 

In order to get a pre-image of the idempotent e^, it suffices to take a 
suitable average over the action of a suitable finite group (a product of sym- 
metric groups). q.e.d. 

According to Remark 16.71 (b), the idempotent thus maps to an idem- 
potent in ci 2(A'", A^) ®i F. It will be denoted by the same symbol e^.. The- 
orem 11.21 (a) tells us that the relative Chow motive 

^-v = hiA'-fsy^ 

gives rise to an exact triangle 

dMgmiAT^ — MgmiAT^ — M^g^iA^^ OMgrniA^m 
in DMgll ik) p. Here are our main results. 

Theorem 7.5. The boundary motive dMgm{A^) lies in the triangulated 
sub-category DMDT{Q)iq of DMgm{Q)Q of Dirichlet-Tate motives over Q . 
Its direct factor dMgmiA'^Y'- is without weights 

— r, — (r — 1), . . . , r — 1 . 

In particular, Assumption \6.1\ holds for dMgm{A^Y- whenever r > 1. 
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Theorem 7.6. Assume that there are T,a & II such that r^. ^ r„ (hence 
g >2 andr >1). Then dMgm{Ay^ = 0, and Mg^{A'Y-- = M^^{Ay^ are 
effective Chow motives. 

Theorems 17.51 and 17.61 will be proved in Section [HI Let us give their main 
corollaries, assuming that r > 1. First, we fix a weight filtration 

C<-(r+l) ^ dMgmiA'^y- > C>r ^ C'<-(r+l)[l] 

avoiding weights — r, . . . ,r — 1. Thus (Corollary 14.61) . C<_(r+i) and C>r are 
Dirichlet-Tate motives over Q of weights < — (r + 1) and > r, respectively. 
Furthermore, C<_(r+i) = = C>j. under the hypothesis of Theorem 17.61 

Corollary 7.7 ([W4, Thm. 4.3]). Assume r > 1. 

(a) The motive Mgm{A^Y^ is without weights — r, . . . , — 1, and the motive 
^Imi^'T- without weights l,...,r. The Chow motives Giq Mgm{A''Y^ 
and G^oMg^^A^Y- IW41 Prop. 2.2] are defined, and they carry a natural 
action of 

GCenc^ 2{Ar^Ar){er) := {z G Ci^2{A'' , A") ®i F , zer = erZCr} . 

(b) There are canonical exact triangles 

C<-(r+l) ^ MgUAr^ ^ GloMgrniAn^^ C'<_(,+i)[l] 

and 

which are stable under the natural action ofGCencj^^(^A^ A^){Gr)- 

(c) There is a canonical isomorphism Gtq Mgm{A'^Y- — ^ Gtq Mg^{A^Y- 
CHM^^^ {k) p. As a morphism, it is uniquely determined by the property of 
making the diagram 

MgUA^- ^ M^g^iAn^^- 

Gro Mg^A^-Y^ Gro M^^iA'Y^ 

commute; in particular, it is GO eUc^^^^A^ ^A^){er)-equivariant. 

(d) Let N G CHM{k)p be a Chow motive. Then tto and iq induce isomor- 
phisms 

YLomcHMik), (Gro Mgm{Ay^-, N) Hom^M.^Cfc), {Mgm{Ay^-, N) 

and 

HomcHMW,(iV,GroM^^„(A^r-) -^HomBM,™W,(iV,M;„(A'-)^-) . 

(e) Let MgmiA^'Y- ^ N ^ Mg^^A^Y- be a factorization of u through a 
Chow motive N G CHM{k)p. Then Gtq MgmiA'^Y- = Gro M|^^(A^')'- 
canonically a direct factor of N, with a canonical direct complement. 
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Henceforth, we identify Gro Mg^i^A^Y^ and Giq Mg^{A^Y^ via the canon- 
ical isomorphism of Corollary 17.71 (c). Note that under the hypothesis of 
Theorem 17.61 we have 

Mg^{Ay^- = Gro Mg,^{Ay^- and Gro M^^iA^^- = Ml^iA^^- , 

and the isomorphism of Corollary 17. 71 (c) coincides with that of Theorem 17. 6[ 
The equivariance statements from Corollary 17.71 (a)-(c) apply in particular 
to cycles coming from the Hecke algebra associated to the Shimura variety 
5*. More precisely, we have the following statement. 

Corollary 7.8. Assume r > 1. Then Gt^ MgmiA^Y- carries a natural 
action of the Hecke algebra R{K, G{Af)) associated to the neat open compact 
subgroup K ofG{Af). More precisely, any x G G{Af) defines a cycle denoted 
KxK in Ci.2(^'^, ^'"), whose class in Ci 2(^'', A*") belongs to the centralizer 

Cen5,_2(A'-,A'-)(er) := {z G Ci,2(A'", , ZCr = Crz} C GCenci^2{A-,Ar){er) 

ofCr- 

Proof. Fix X G G{Af). Recall that our base scheme 5" equals the 
Hilbert-Blumenthal variety S^{G,T-C). It is the target of two finite etale 
morphisms gi, g2 :U ^ S, where U denotes the Hilbert-Blumenthal variety 
^Knx Kx^Q^ 'j^y Using the notation of [HI Sect. 3.4], the morphism gi equals 
[ -1], and the morphism g2 equals [ -x"^]. Note that by the very definition of 
the Q-rational structure of S and U (e.g. [HI Def. 11.5]), both gi and (?2 are 
indeed defined over Q. 

Recall that A is the universal Abelian scheme over S; denote by Ai,A2 
its base changes to U via gi and g2, respectively. To the data K and x, 
the following are canonically associated: a third Abelian scheme B over U 
admitting real multiplication, and isogenics fi : B ^ Ai and /2 : 5 — > A2 
compatible with the real multiplications. By definition, the cycle KxK is 
then equal to the direct image under gi g2 of the composition 

Tfro'TfrecuiA\,Al)nc,,2iAl,A;) 

(= "pull-back via /[ followed by push-out via /2")- 

In order to show that the class of KxK in ci 2(A^, A^) commutes with , 
note first that (p := Tfr o^Tfr defines a morphism of relative Chow motives 
over U, 

^ : h{Al/U) = gm^'/S)) — gmA'/S)) = KA^/U) . 

Then, since both /i and /2 are isogenics, this morphism is compatible with 
the external products of the idempotents PAi,i (Theorem 12.11 (b) and (c)). 
Since /i and /2 also respect the real multiplication, the morphism is also 
compatible with the cycle classes g*{er) = er,i G CW^{A\ Xjj A\) ®i F, i.e., 
we have the relation 

V°9*i{er) = g2{er)°^ 
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of morphisms of relative Chow motives over U. We are thus in the situation of 
Example 11.161 (d). Now observe that using the notation from Example \1.W\ 
the effect of the cycle KxK on the exact triangle 

coincides with if{gi,g2) (cmp. Example 11.161 (e)). Thanks to the relation 
(f o gl{er) = (72(^1) ° ^h^s get that the class of KxK in Ci^2(^^)^^) 

belongs indeed to Cenci 2{A^ ,A'')i^r) ■ q.e.d. 

Corollary 7.9 ( |W4l Cor. 4.6]). Assume r > 1, and let A^ he any smooth 
compactification of A^ . Then Gtq Mgm{A^Y^ is canonically a direct factor of 

the Chow motive MgrniA"^), with a canonical direct complement. 

Furthermore, |W4l Thm. 4.7, Thm. 4.8] on the Hodge theoretic and i- 
adic realizations [Hu'j Cor. 2.3.5, Cor. 2.3.4 and Corrigendum] apply, and 
tell us in particular that Gtq Mgm{A'^)'^^ is mapped to the part of interior 
cohomology of A^ fixed by e^. In particular, the L-function of the Chow 
motive Gtq Mgm{A^Y- is computed via (the e^-part of) interior cohomology 
of A"-. 

Definition 7.10 (|W4l Def. 4.9]). Let r > 1. We call Giq Mgm{A''Y^ the 
Cr-part of the interior motive of AH' . 

Remark 7.11. By |W4l Thm. 4.14], control of the reduction of some 
compactification of A^ implies control of certain properties of the £-adic real- 
ization of Gro Mgm{-^Y-- To the best of the author's knowledge, the sharpest 
result known about reduction of compactifications of A^ is |DiTl Thm. 6.4]. 
It concerns the case when K C G{Af) is of type Fi, and states that there ex- 
ist then smooth compactifications of A^ having good reduction at each prime 
number p dividing neither the level N of K nor the absolute discriminant d of 
L. [W4l Thm. 4.14] then yields the following conclusions: (a) for all primes p 
not dividing Nd, the p-adic realization of Gyq Mgm{A'^Y^ is crystalline, (b) if 
furthermore p ^ i, then the £-adic realization of Gro Mgm{A^Y- is unramified. 
Note that given the identification of the £-adic realization of Gro Mgm(A'')'^- 
with intersection cohomology, conclusions (a) ane (b) are already contained 
in [DiTl Sect. 7]. 

Remark 7.12. (a) If all r^- are strictly positive (hence r > g) then Saper's 
vanishing theorem on (ordinary) cohomology ISp, Thm. 5] implies that the 
realizations of GiQMgmiA^Y- concentrated in the single cohomological 
degree r + g. In particular, we expect the following relation to the Chow- 
Kiinneth decompositions constructed in [GHM2[ Thm. 2.4]. The base change 
from Q to C of Gro Mg^iA^Y- should map monomorphically to the (r + g)- 
th Chow-Kiinneth component of the motive (over C) of any toroidal com- 
pactification of A^. 

(b) In general, consider the (relative) Chow-Kiinneth projectors II^., i = 
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0, . . . , 2rg of |GHMll Thm. I] modelling intersection cohomology of S'(C) 
(which is well known to coincide with interior cohomology in the context 
of Hilbert-Blumenthal varieties) with coefficients in the i-th higher direct 
image of the constant sheaf Qa^- For z = r > 1, we expect the image of 11^ 
to contain a copy of the base change to C of the interior motive Grg MgmiXy. 

Let us discuss special cases. First, for (7 = 1, we have L = Q , S" is a 
smooth modular curve, and A the universal family of elliptic curves over S. 
As coefficient field (B), we may choose F = Q. The partition (C) amounts 
to fixing an integer r > 0, and -V = '^ym' hi{A/ S). In this setting, the 
formal implications of Theorem 17.51 are discussed in [W4l Rem. 4.17]; note 
that our idempotent coincides with the idempotent denoted e in [loc. cit.]. 
Indeed, the additional action of torsion entering the definition of e is known 
(and easily shown) to be trivial on the relative motive h{A/S). In particular 
|W4t Rem. 4.17 (b)], we get an alternative construction of the Grothendieck 
motive M{f) associated to a normalized newform / of weight r + 2 [Schj as 
a direct factor of the Grothendieck motive underlying Gtq Mgm{A^Y^. 

Now let g = 2. Here, we have [L : Q] = 2, 5 is a smooth Hilbert- 
Blumenthal surface, and A the universal family of Abelian surfaces over S. 
As coefficient field (B), we may choose F equal to the image of L under any 
of its two real embeddings r, a G II- The partition (C) amounts to fixing 
two integers Tt-jTct > 0, whose sum is denoted r. Then 

= Sym"- hi{A/Sy^ ® Sym""- hi{A/Sy^ . 

For any object M of DMgl/{Q)F, define motivic cohomology 

H%{M,F{q)) :=Hom^^,.^,(Q)^(M,Z(g)[p]) . 

When M = Mgm{Y) for a scheme Y G Sm/Q, this gives motivic cohomology 
Hj^(Y,Z{q)) of Y, tensored with F. Now observe that the relative Chow 
motive -V coincides with the object denoted V^'^" in \Ki\ Def. 2.3.1]. From 
now on, assume that > r^^ > 1 (hence r > 2). The main result of [loc. cit.] 
gives the construction of a sub-space 

^r^,r^,n) C H;:,^^V,F{n)) = Rom^,,.ff^^^^{MgUAr^-^ 

for all integers n between rr + 2 and r + 2 = rr + rcr + 2 [Ki., Thm. 5.2.4] , and 
establishes a weak version of Beilinson's conjecture for Asai L-functions \Ki\ 
Thm. 5.2.4 (b)]. As already mentioned in \Ki\ p. 62, Rem. 5.2.5 (a)], one of 
the shortcomings of this result is that JCir-r, r^j, n) is not shown to come from 
motivic cohomology of a smooth compactification of A^ . It is reasonable to 
expect this to be true; one of the indications being |Ki[ Thm. 5.2.4 (a)] that 
the Hodge theoretic realization of /C(rT-, r^, n) lands in 

which by definition [Kil Def. (2.4.1)] is the sub-space of absolute Hodge 
cohomology of -V/m given by the image of absolute Hodge cohomology of any 
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smooth compactification of A'". Our main results allow to give a significantly 
more precise statement. 

Corollary 7.13. Assume thatrr > ro- + l{> 2) or that rr + 2 <n< r + 1. 

Then the map on the level of motivic cohomology induced by the morphism 
TTo : Mg^A^'^ ^ Gio Mg^A^'^, 

TT* : Homz,M„„(Q).(GroM,„(A^)^SZH[r + 3]) ^i/;;+=^(^V,F(n)) 

is an isomorphism. 

In particular, under the hypotheses of the corollary, IC{rT-,r^,n) can be 
considered as a sub-space of Hom£)M9™(Q)F(Gfro Mg^^A'^Y^, Z{n)[r + 3]), and 
hence (Corollary I7.9p of motivic cohomology of any smooth compactification 
of A\ 

Corollary 7.14. Assume that = ro-(> 1), hence r = 2r^. Then the 
image of the map on the level of motivic cohomology induced by ttq, 

7r*(Hom^M,„(Q),(GroM,^(AO^SZ(r + 2)[r + 3])) C H:;+^ {^V, Fir + 2)) 

contains the sub-space }C{rT-,r^,r + 2). 

In particular, under the hypotheses of the corollary, /C(r^, r^-, r-|-2) comes 
from a sub-space of Hom^Mg„(Q)f^(Gro MgmiA''Y^, Z(r + 2)[r + 3]). 



Remark 7.15. This settles completely the problem mentioned in [Ki\ 
Rem. 5.2.5 (a)]. At least two other points remain, in order to get a proof 
of Beilinson's full conjecture: first [Ki[ Rem. 5.2.5 (c)], the elements in 
/C(rT-, To-, n) should be integral (with respect to suitable models over SpecZ), 
second, the space of integral elements in motivic cohomology should be equal 
to ]C{rr,r„,n). We have nothing to say about these two points. 



Proof of Corollaries \7.1^ and 7.14 Recall the exact triangle 



from Corollary 17.71 (b). Here, C<_(r+i) is a Dirichlet-Tate motive over Q of 
weights < — (r + 1). Theorem 17.61 tells us that 

C<-(r+l) = 

when r^- > r^ + 1. In this case, the morphism ttq is therefore itself an isomor- 
phism, and thus induces an isomorphism on the level of motivic cohomology. 
In general, the kernel of 

TT* : RomDM,,^(^Q)A'^^oMgUAT^-,Z{n)[r + 3]) ^ H'j+^{^V,F{n)) 
is a quotient of 

Homz)A/^„(Q)^ (C<-(r+i) [1] , ^n) [r+3] ) = RomDM.mmF (C<-(r+i) , ^(^) [^"+2]) 
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and the co-kernel a sub-space of 

B.omDM,mmF (C<-(r+i), ^n)[r + 3]) . 

Now Z(n) is pure of weight —2n. When n < r + 1, then the weights of 
Z{n)[r + 2] and of Z(n) [r-|-3] are at least equal to — 2(r-|-l)-|-r-|-2 = — r. Since 
C<_(r+i) is of weights at most — (r-|-l), orthogonality 14. II (3) implies that both 
RomDMg^(Q)p {C<-(r+i) , Z(n) [r + 2]) and HomBM<,„(Q)f (C<-(r+i) , ^n) [r + 3] ) 
are zero. In this case, the map ttq is therefore again an isomorphism. 

In the sequel, let us therefore assume that r,- = r^, and that n = r + 2. 
As above, the co-kernel injects into 

RomDM,mmF (C<-(r+i)> ^n)[r + 3]) . 

Let us first show that on this latter space, the map induced by the Hodge 
theoretic realization is injective. Observe that the motive Z{n)[r + 3] is 
pure of weight —{r + 1). This is the highest weight possibly occurring in 
C<_(,.4.i). Shifting by r -|- 1 therefore reduces us to show the following: for 
any two Dirichlet-Tate motives M and N, with M G DMDT{Q)f^^<q and 
N e DMDT{Q)f,u,=o, the map induced on 

Homz)M,™(Q)f(M, N) 

by the Hodge theoretic realization is injective. Choose an exact triangle 

M<_2 — ^ M — > M_i,o — ^ M<_2[1] , 

with M<_2 e DMDT{Q)f,w<-2 and 

M_i,o e mfDT(Q)^,^>_i n dmdt{Q)f,^<o • 

By Corollary 14.91 the object M_i q is a direct sum of two Dirichlet-Tate 
motives M_i © Gro M, the first being pure of weight —1 and the second pure 
of weight 0. Orthogonality 14.11 (3) formally implies that the two morphisms 
M — ^ M_i^o and M_i Gro M induce isomorphisms 

HomBA/3„{Q)^(M_i,o, A^) HomBA/g„(Q)f (M, AT) 

and 

HomBMg„(Q)f (GroM, A^) HomBMg„(Q)f (M_i,o, A^) . 

The Hodge theoretic realization R maps our data to an exact triangle 

i?(M<_2) ^ RiM) ^ i?(M_i,o) ^ i?(M<_2)[-l] 

in the bounded derived category D of mixed graded-polarizable Hodge struc- 
tures (recall that R is contravariant), and a direct sum decomposition 

i?(M_i) © R{GtoM) = i?(M_i,o) . 

The functor respects the weight structure in the sense of Remark 15.121 (a). 
This means that i?(M<_2) has weights at least 2, that R{M_i) is pure of 
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weight 1 and that i?(Gro M) and R{N) are pure of weight 0. As above, 
orthogonahty WTH (3) (for the category D) yields formally that 

Hom^(ir,i?(M_i,o)) -^HomB(X,i?(M)) 

and 

}iomD{K,R{GToM)) Homi^(Js:, i?(M_i,o)) 

for any object K of the heart Dw=q, hence in particular for K = R[N). 
Altogether, we are thus reduced to showing injectivity of 

R : }iomnM,,^iQ)AM,N) Hom^ AT), i?(M)) 

under the additional assumption that M belongs to the heart DMDT{Q) f,w=o, 
too. In other words, we must show faithfulness of the restriction of R to the 
heart of DMDT{<Q)p. But this follows easily from the explicit description of 
DMDT{Q)f^^=q given in Theorem 14.51 (c). and the (obvious) faithfulness of 
R on the category MD{k)p from Definition 15.41 (a). 

In order to finish the proof, it remains to show that the image of the space 
/C(r^,r^,n) in 

Homz)A4„(Q)^ (C<_(^+i), Z(n)[r + 3]) 

is mapped to zero under R. Choose a smooth compactification of ilT- 
By Corollary O (d), the morphism j : Mgm{A'' f^- Mg^{A^) Mgm{A'-) 
factors through Gtq Mgm{A^Y^. It follows that the exact triangle 

maps to an exact triangle of the form 

C ^ Mg^{A'T- ^ MgUAn ^ C'[l] . 
By \Ki\ Thm. 5.2.4 (a)], the sub-space 

/C(r.,r.,n) C Hom^^.e/z^^)^ (M3„(A^)^S Z(n)[r + 3]) 
vanishes under the composition of 

^* ■■ Hom^^,./,(Q)^(M,„(A^)^SZ(n)[r+3]) }lom^^,.jy^^^^{C' ,Z{n)[r+3]) 
and of R. A fortiori, its image in 

Homi5M,™(Q)f (C<_(^+i), Z{n)[r + 3]) 
vanishes under R. q.e.d. 

Remark 7.16. The picture for = r„ and n = r + 2 remains incomplete: 
it is clearly desirable to identify a canonical pre- image of /C(r^, To-, r -|- 2) in 

Homz5A/,„(Q)^ (Gro Mg^{Ay^, Z{r + 2)[r + 3]) . 

In order to achieve this, one needs to go into the construction of the elements 
from |Ki] . The vital ingredient is Beilinson's Eisenstein symbol |Bel] . which 
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needs to be re-interpreted in the context of the category DMgm{Q)F- We 
plan to treat this elsewhere. 

Let us get back to the general case of arbitrary g > I. By Corollary 17.81 
the Chow motive Gro MgrniA^Y^ carries a natural action of the Hecke algebra 
R{K, G{Af)). By functoriality, the same is true for the Grothendieck motive 
underlying Gtq Mgm{A^Y-. On the latter the action of R{K, G{Af)) can be 
studied via realizations. Recall that the realizations of Gtq Mgm{A'^y^ equal 
the e^-part of interior cohomology of A^. 

Remark 7.17. In particular, cycles in R{K, G{Af)) acting semi-simply 
on interior cohomology of A^ act semi-simply on the Grothendieck motive 
underlying Gtq Mgm{A^Y^. The latter therefore decomposes further accord- 
ing to the different (finitely many) eigenvalues of the action of such cy- 
cles. For g = 1, this is the observation allowing for the construction of 
the Grothendieck motive M{f) associated to a normalized newform / of 
weight r + 2 (see above). The same construction works in principle for arbi- 
trary g. However, as observed in jBlsRi p. 56], it does not give rise to the 
Grothendieck motive M{f) associated to a Hilbert modular form /. One 
of the results of [BrLj on the ^-adic realization of M{f) suggests that up 
to a tensor product by a motive of the form Z()f:)[2t], the eigenpart of the 
Grothendieck motive und erlying Gtq Mgm{A'^Y- equals the "tensor induced" 
motive of M{f) (see [Ta '. p. 280] for this formulation). 

Let us finish this section with the following amusing observation. 

Corollary 7.18. Write Mgm^i{A) for the image of the relative Chow mo- 
tive hi{A/S) under the functor Mg^ from Theorem (a). If g > 2, then 
Mgm,i{A) is an effective Chow motive. 

Proof. Indeed, by definition, 

MgmAA) = ^MgUAY'-, 

r 

where the direct sum extends over all partitions 

satisfying r„ > and r = 1. In particular, ii g > 2, then for any partition r 
occurring in this direct sum, there are T,a & II such that r^- = and r„ = 1. 
We may thus apply Theorem 17.61 q.e.d. 
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8 Proof of Theorems 
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and 



We keep the notation of the preceding section. In order to prove Theorems 1 7. 5 1 
and 17.61 our idea is to apply the criterion from Section El Let us start by 
fixing some notation. 

Definition 8.1. Denote by V the standard two-dimensional representa- 
tion of GL2,L over L. 

Thus, Resi/qV is a 2(7-dimensional representation of Res^/Q GL2,l, and 
therefore, of G. 

Theorem 8.2. For any integer r > 0, the boundary motive dMgmiA^) 
lies in the triangulated sub-category DMDT {Q)q of DMgm{Q)Q of Dirichlet- 
Tate motives over Q . 

Proof. The variety is a mixed Shimura variety over S = S^{G, Ti). 
More precisely, the representation Res^^ \^ of G is easily seen to be of Hodge 
type {(—1, 0), (0, —1)} in the sense of [Pil Sect. 2.16]. The same statement is 
then true for the r-th power Rcsl/q of Res^/Q V . By jPU Prop. 2.17], this 
allows for the construction of the unipotent extension (P'',X'') of {G^Ti) by 
Re Si,/Q . The reader wishing an explicit description of (P'',X'") is referred 
to |Ki[ Sect. 1.1], where the case g = 2 is treated. The description from 
[loc. cit.] generalizes easily to arbitrary g. 

The pair (P^,X'') constitute mixed Shimura data [Pil Def. 2.1]. By con- 
struction, they come endowed with a morphism tt'' : (P^,X'') {G,T-C) 
of Shimura data, identifying (G, H) with the pure Shimura data underlying 
(P^, X^). In particular, (P*", X**) also satisfy condition (+) from |W3l Sect. 5]. 

Now there is an open compact neat subgroup of P^(Aj), whose image 
under tt'' equals K, and such that is identified with the mixed Shimura 
variety S'^'^(P'', X^) [Pil Sect. 3.22, Thm. 11.18 and 11.16]. Furthermore, the 
morphism vr^ of Shimura data induces a morphism S^'^ {P^, X^) S^{G, H), 
which is identified with the structure morphism of . 

In order to obtain control on the boundary motive of A^, we fix a smooth 
toroidal compactification A"". It is associated to a K^' -admissible complete 
smooth cone decomposition &, i.e., a collection of subsets of 

CiP',r') X P'^(A^) 

satisfying the axioms of [Pi], Sect. 6.4]. Here, C{P^,X^) denotes the conical 
complex associated to {P^,X^) [Pil Sect. 4.24]. 

We refer to [Pil 9.27, 9.28] for criteria sufficient to guarantee the existence 
of the associated compactification := S^'' {P^ , , &) . It comes equipped 
with a natural (finite) stratification into locally closed strata. The unique 
open stratum is A^ . Any stratum A^ different from the generic one is asso- 
ciated to a rational boundary component (Pi,Xi) of {P^,X^) [Pil Sect. 4.11] 
which is proper, i.e., unequal to (P'',X'''). 
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First, co-localization for the boundary motive |W2[ Cor. 3.5] tells us that 
dMgm{A'') is a successive extension of (shifts of) objects of the form 

Here, j denotes the operi_immersion of A'" into runs through the 

immersions of the strata AjJ. different from into A"^, and Mgm{A^,r^ j\ Z) 
is the motive of A^ with coefficients in r^j\ Z defined in jW2t Def. 3.1]. 
Next, by |W3t Thm. 6.1], there is an isomorphism 

M,„(I^,4j! Z) ^Hom(Z(a),Mg„(5^^(Pi,Xi)))[dima] . 

Recall [W3l p. 971] that the group of orientations Z((j) is (non-canonically) 
isomorphic to Z, hence 

Hom(Z(a),M,„(5^H^i,^i))) = MgUS'^'iPu^i)) • 

(Pi, Xi) is a Shimura variety associated to the data (Pi, Xi) and an open 
compact neat subgroup Ki of Pi(Aj). In order to show our claim, we are 
thus reduced to showing that Mg^iS^'^) is an object of DMDT{Q)q, for any 
Shimura variety S^^ = S^^{Pi, Xi) associated to a proper rational boundary 
component (Pi,Xi) of (P^,X''), and any open compact neat subgroup Ki of 
Pi (A;). 

Given that P^ is a unipotent extension of G, the pure Shimura data 
underlying (Pi,Xi) coincides with the pure Shimura data underlying some 
proper rational boundary component (Gi,7ii) of (G, 7^). By definition [PH 
Sect. 4.11], the group Gi is associated to an admissible Q-parabolic subgroup 
Q of G [Pll Def. 4.5]. It is not difficult to see that the inverse image un- 
der the immersion of G into Res^^/Q GL2,l induces a bijection on the sets of 
Q-parabolic subgroups. Under this bijection, the group Q corresponds neces- 
sarily to a group of the form Res^/Q B, for some Borel subgroup B of GL2,l- 
Equivalently, Q is the stabilizer in G of a subspace of Res^/Q V of the form 
KesL/qV' , for a one- dimensional L-subspace V of V. A computation ana- 
logous to the one from jPH Ex. 4.25] for g = 1 shows that the pure Shimura 
data underlying {Gi,Hi) equal the data {Gm,Q,'Ho) from [Pll Ex. 2.8]. Alto- 
gether, we see that (Pi,Xi) is a unipotent extension of {'Gm,Q,'Ho). 

We are ready to conclude. As follows directly from the definition of 
the canonical model (cmp. [Pil Sect. 11.3, 11.4]), the pure Shimura variety 
S'^''^^'^'> (Gm,Q,'Ho) underlying S^^ equals the spectrum of a cyclotomic field 
C over Q. By [Pil Prop. 11.14], the variety S^^ is isomorphic to a power of 
the multiplicative group over C. In particular, its motive lies in DMDT{Q^)q . 

q.e.d. 

Remark 8.3. As the proof shows. Theorem 18.21 admits a version "before 
tensoring with Q". That is, the boundary motive dMgmiA"^) lies in the 
triangulated sub-category DMDT{Q) of DMgm{Q) generated by Tate twists 
and motives Mgm{Speck), for Abelian finite field extensions of Q. 
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In order to apply the results from Section [Ul we need to analyze the Hodge 
structure on the e^-part of the boundary cohomology of A'', 

for all integers n. Recall that there is a canonical isomorphism 

(Resi/Q V) ®Q F K , 

where we set := V^L,aF. In fact, this is an isomorphism of representations 
of G over F. 

Definition 8.4. Denote by Vr the representation 

Vr := (g) Sym^"^ . 

of G over F. 

The tensor product is over F, and is the contragredient representation 
of Vo-. Recall (e.g. |Wll Thm. 2.2]) the definition of the canonical construction 
functor /i from the category of finite-dimensional algebraic representations 
of G to the category of admissible graded-polarizable variations of Hodge 
structure on 5*. 

Proposition 8.5. There is a canonical isomorphism of Hodge structures 
{dH^{A'-{C),Q) ®Q Fy^-^dH^~'^{SiC),fi{Vr)) 
for all integers n. 

Proof. The central observation is that the functor fi maps ResL/qV^ 
to the first higher direct image of Q(0) under the structure morphism of 
the Abelian variety A |Wll remark following Lemma 2.5]. The rest of the 
argument is purely formal; cmp. pGi proof of Prop. 2.3.3] for the case g = 2. 

q.e.d. 

Thus, we need to control dH'^~'^{S{C), fi{Vr)). As the reader may ex- 
pect, we use the Baily-Borel compactification S* of S. The complement of 
5* consists of finitely many cusps; the boundary cohomology of ^(C) there- 
fore coincides with the direct sum over the cusps of the degeneration of the 
coefficients to the boundary of S*. 

Proof of Theorem \ 7.6\ By assumption, there are T,a ^ II such that 
Tt- ^ Tfj. This implies [BrL, Lemme 2.2.8] that the boundary cohomology of 
vanishes. Proposition 16.51 tells us that the Hodge theoretic realization 
of dMg^{A^Y-- is zero. Given that dMgm{A^Y^- is Artin-Tate (Theorem [HI 
and Corollary 14. 6p . this means that it is itself zero (Proposition 15.91 (a)). 

q.e.d. 



61 



Proof of Theorem \7.5\ The first claim is Theorem 18.21 Given Theo- 
rem I7.6t we may assume that all are equal, 

ra = s >OWa e II , 

say. Thus, 

K= (g)Sym^V;^ 

and r = g ■ s. Note that this representation descends to Q , and that it 
occurs as a direct factor of the representation Sym'' Res^/Q l^^. Fix a cusp 
y of S*{C), and denote by j the open immersion of S into S*. We need to 
compute the weights occurring in 

First |BrLl bottom of p. 386], the cup product 

is an isomorphism in degrees 0<n — r<g — 1. Next \ByL\ Thm. 1.3.4, 
Cor. 1.3.7], in the same range of indices, the map induced by the cup product 

A"-'-i?ij;(Q(o)), i?"-'-j;(Q(o)), 

is an isomorphism. We shall show: 

(1) = Q(0) as Hodge structures, 

(2) R^j^{Q{0))y ^ Q(0)5-i as Hodge structures, when g>2. 

Admitting these claims for the moment, we see from (1) and (2) that the 
Hodge structure -R"~'"j*(/u(\4))y is pure of weight for < n — r < (7 — 1, 
i.e., r<n<r + g — 1. In particular, R'^~^j*{fi(yr))y is without weights 
n—{r — l),...,n + r whenever n < r + g — 1. To deal with the complementary 
range of indices n > r + g, recall that the Hodge structures 

R'^jM^r))^ and i?2^-i^™j,(/i(K))^(r + (?) 

are dual to each other, for all integers m. Indeed, the representation Vr is 
pure of weight r in the sense of [Pil Sect. 1.11], therefore [Pil Prop. 1.12] 
it can be G-equivariantly identified with its own contragredient, twisted by 
Q(-r), i.e., 

MK)=/i(Kr(-0 

as variations of Hodge structures. Given the definition of the Verdier dual D 
in the category of algebraic Hodge modules |Spt Prop. 2.6], we have 

/i(K)=%(MV;))(-(r + ^))[-2^?]. 

Denoting by i the immersion of y into S*, we have 

i* o Rj^, oBig = 3y o i' o j\ ; 
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furthermore, roj| = i*oRj^[l\ \Sp\ formulae (4.3.5) and (4.4.1)]. This imphes 
that 

i*Rj,fiiVr) = Byt*Rj,fi{Vr)i-ir + g))[-2g + l] . 

Therefore, we see that R^"''' i^{ii{yr))y is pure of weight 2(r + g) whenever 
g<n — r<2g — l, i.e., r + g<n<r + 2g — 1. In particular, R^~^'j^{fi{Vr))y 
is without weights n — {r — 1), . . . ,n + r in any case. Given Theorem 18.21 we 
thus have verified the hypotheses of Corollary 16. 4[ 

It remains to show claims (1) and (2). We shall use the main result from 
|BuW] on degeneration in the Baily-Borel compactification of variations in 
the image of The cusp y belongs to one of the strata associated to a 
rational boundary component (Pi,Xi) of {G,TC), where Pi is contained as a 
normal subgroup in one of the admissible Q-parabolic subgroups Q of G [Pil 
Sect. 4.11]. The latter being the stabilizer in G of a subspace of Res^/Q V of 
the form Resi/qV, for a one-dimensional L-subspace V of V, we see that 
the situation is conjugate under an element of G{Q) to the one associated to 
the standard Borel subgroup. Since claims (1) and (2) are invariant under 
isomorphisms, we may therefore assume that we work in this setting. 

It is identical to the one considered in [Bltt proof of Prop. 3.2] (with the 
same notation). Applying |BuWt Thm. 2.9], we see that 

while 

R'UQmy = H\Hc, H\Wi, Q(0))) © {Hc, H\Wu Q(0))) . 

Here, Wi denotes the unipotent radical of Q, and He is free Abelian of rank 
g — 1 (cmp. [Bit I Sect. 3.2]). Note that there is a shift by the codimension 
of y in S* (which equals g) in the formula of [BuWl Thm. 2.9], due to the 
normalization of the inclusion of the category of variations into the derived 
category of algebraic Hodge modules used in [loc. cit.] . In order to evalute the 
first of the above expressions, one proceeds dually to |Bltl proof of Prop. 3.2], 
to show: 

(3) i/0(I^i,Resgv;) is one-dimensional, 

(4) the actions of He and of Pi/Wi on H%Wi, Resg K) are both trivial. 

Given that the action of Pi/Wi determines the Hodge structure, this shows 
(1). As for (2), note first that 

H%Hc,H\Wi,Qm)=0 

when g >2 [BrLl bottom of p. 386]. Hence 

R'MQmy = H'{Hc,H\Wi,Qm) 
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in this case. Given that H'^{Wi, Q(0)) = Q(0), and that the action of He on 
H^{Wi,Q{0)) is trivial (use claim (4) for s = 0), we have indeed 

R'MQ{0))y = }lom{Hc,Q){0) ■ 

q.e.d. 

The above proof actually yields a statement on the Dirichlet-Tate motive 
dMgm{A'^Y-, which is much more precise than Theorem 17.51 

Theorem 8.6. Assume that r^- = s > Va G II, i-e., that 

(a) The Dirichlet-Tate motive dMgm{A'^Y^ lies in 

DMDr(Q)Q,[_2(.+3),o] 
in the notation of Section 

(b) There is an exact triangle 

M_2(.+3) — ^ dMg^iA'Y^ — . Mo — ^ M_2(r+3)[1] , 

such that M_2(r+g) G DMDT{Q)Q^_2(r+g) and Mq e DMDT {Q)q^o- The tri- 
angle is unique up to unique isomorphism. 

(c) Denoting by R the Hodge theoretic realization, and by 3°° the complement 
of S in S* , there are isomorphisms 

r+2g-l 

R{M_2(r+g))= R{Mg^{Sn^--ir+^^){r + g)[n]) 

n=r+g 



and 

r+g-l 



R{Mo)= R{Mgm{Sn'-^nn\ 

n=r 

(d) When r >1, then the weight filtration 

of dMgm{A^Y- coincides with the exact triangle from (b), i.e., there are 
unique isomorphisms 

C<-(r+i) M_2{r+g) and C>r Mo 

in DMDT{Q)q . 

Proof. Use Propositions 13.91 and 13. 8[ together with the (trivial) fact 
that R is conservative on the Z-graded category over MD(Q)q. q.e.d. 

For r = 0, the exact triangle 

M_2g dMg^iS) Mo M_2g[l] 
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may therefore be considered as "the" weight filtration of dMgm{S). Write 

C<_i := M_25 and C>o := Mq . 

Corollary 8.7. The weight filtration of dMgm{A''Y^ is split: there is an 
isomorphism 

Proof. We have to show that the morphism C>r — » C<_(r+i)[l] occur- 
ring in the weight filtration of dMgm{A'^Y^ is trivial. Parts (c) and (d) of 
Theorem 18.61 together with Propositions 13.81 and 13.91 imply the existence of 
objects Nn e MD(Q)q , for r < n < r + 2g - 1, such that 

C<-ir+i)= K,{r + g)[n] 

n=r+g 

and 

r+g-l 

C>r = N^[m] . 

m=r 

Thus, the group Hom£iAfg^(Q)Q(C>r, C<_(r+i)[l]) is identified with the direct 
sum 

HomBM3™(Q)Q(A^mN, Ar„(r + g)[n + I]) . 

m<r+g—l,n'>r+g 

But for any pair n > m + 1, the group B.omDMgmm(i(^rn[m], Nn{r + g)[n + l]) 
equals 'H.omj:)Mgm{Q)Qi^m, Nn{r + g)[n - m + 1]), and is thus zero (Theo- 
rem [5]T] (e) ) . q.e.d. 

Thus, the object dMgm{A^Y- is isomorphic to a direct sum of the form 

r+g— 1 r+2g— 1 

N^[n]® K,{T + g)[n], 

n=r n=r+g 

for Dirichlet motives Nn over Q . Applying the realization, we see that the 
complex computing boundary cohomology is isomorphic to the direct sum of 
its cohomology objects. This observation should be compared to [BuWl last 
statement of Thm. 2.6]. 

Remark 8.8. One should expect isomorphisms 

r+2g-l 

C<-(r+i)= Mg„(5°°)(-(^+«))(r + (7)N 

n=r+g 

and 

r+g-l 

C>r= Mg„,{S^)t-r)[n] 

n=r 
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to exist already in DMDT{Q)iq . For g = 1, this is indeed the case [W4^ 
Thm. 3.3 (c), Cor. 3.4 (c), Rem. 3.5 (b)]. 
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